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TO THE STUDENT 


Although this book ts entitled Basic Mathematics for Beginning Chem- 
istry, itis neither a mathematics textbook nor a chemistry text. Instead, 
it is intended to help you to refresh your memory of mathematics and to 
gain experience in applying the mathematics to work in chemistry. 

This book is especially for students who consider themselves “no 
good at math” but who are taking a science course. Does that describe 
you? If so, you are probably rather scared because you have always 
heard that science uses a lot of mathematics (although you haven’t the 
slightest idea why—-or maybe you think that the reason is to keep 
anyone but the initiated from understanding what mysterious things 
these people are doing). It ts no help that the instructor claims that ele- 
mentary algebra is all that will be used. You passed algebra but... but 
you don’t remember it, or you didn’t understand it--you just followed 
some incomprehensible rules. 

Why are you “no good at mathematics”? Maybe it’s the way your 
mind happens to work or maybe it’s the result of your early mathematics 
classes. Perhaps your teacher one year was “no good at math” and 
managed to convey this attitude to the class. Perhaps you were so bored 
with the drill required to learn arithmetic that you refused to think seri- 
ously about any other branch of mathematics. Perhaps you didn’t learn 
the material one year. Lacking that year’s material, you had trouble the 
following years. Whatever the reason, early problems with arithmetic 
need not close the world of mathematics to you forever. 

Use whatever chapters and sections of the book are helpful to you. Do 
you need suggestions for methods that help you solve problems? Do you 
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need to understand why you carry out the processes needed to solve 
problems? Do you need to be able to handle graphs and equations with 
understanding? Do you just need plenty of practice, so that you can do 
the mathematics without worrying? It is my hope that this book will help 
you gain for yourself both the skills and the confidence needed to 
succeed in your chemistry course. Good luck! 


D.M.G. 
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GETTING STARTED 


1.14. INTRODUCTION 


This book ts intended to provide practice with a varicty of mathematical 
skills used in beginning chemistry courses at various levels. 

The first two chapters present some very fundamental material, 
because some students have difficulties that stem from their failure to 
understand these basic concepts. Skip material you already know, and 
work with the sections that are useful to you. Although material covered 
in Chapters 1-4 is used throughout the book, Chapters 5-8 can be 
studied in whatever order you find useful. The last two chapters contain 
material that may be useful to students in a general chemistry course, 
but might not be required in other beginning courses. 

The problems in the book use everyday examples, numbers, letters, 
and chemical terms. Although definitions for many of the chemical terms 
are given, no attempt has been made to teach the chemistry involved. 
These examples are used mercly to provide practice in using the calcu- 
lation methods. You should refer to your chemistry textbook for dis- 
cussion of the chemical concepts. 

Some problems are marked with an asterisk; the solutions to these 
problems are given in detail at the end of the chapter. Answers to all 
problems are given at the end of the book. 


1.2. CALCULATORS 


With electronic calculators readily available at low prices, most chem- 
istry instructors cxpect students to use calculators on problems and 
examinations. The availability of calculators has taken much of the fear 
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out of calculations for most students. However, using a calculator does 
not guarantee correct answers. You must still set up the problem correct- 
ly, enter the calculations correctly, and interpret the result. 

If you are planning to buy a calculator to use in your chemistry class, 
your instructor may have advice on what type to buy. It is highly desir- 
able to have a scientific calculator, which has exponents, exponential 
notation (marked EE or EXP), and logarithm (LOG) functions. Many 
calculators do not have these functions. Even if your calculator has 
them, it is important that you understand what you are trying to do and 
what sort of answer to expect. 

Some students choose calculators with far more advanced capabilities 
than they need, perhaps hoping that the calculator will take some of the 
work out of the course. Unfortunately, such calculators are not only not 
helpful, they may be a hindrance because they may be harder to use. 

Once you have purchased a calculator, take the time to get 
acquainted with your calculator. There are two entirely different ways of 
entering data and operations on calculators. Each model has its own 
features. Therefore, it is essential to spend some time reading the 
instruction book and practicing calculations. 

Try adding a few numbers, such as 1 + 2 + 3. Try some 
multiplication problems, such as 2 x 3 and 2(8)/4. Try correcting an 
error; punch in 2 + 6, then change the 6 to a4. For all of these, you can 
easily compute the result mentally so that you can check the result 
obtained on the calculator. 

If your calculator has additional functions, learn how they work. 
Some students learn how to use a few of the built-in functions and never 
have time to learn the others; this may give satisfactory results, but it 
loses its efficiency. For example, you can find a square root by pushing a 
square root key; by using INV y_ keys; or by finding the logarithm, 
dividing by two, then finding the antilog. All give the same result, but 
each uses a different set of calculator functions and takes a different 
length of time. 

When you complete any calculation, check your answer. Do not 
assume it is Correct, just because it appears on the calculator display. 


Does the answer make sense? 
Does the answer contain the right number of significant figures? 
Have you finished the problem? 


A wrong answer may be caused by reading the problem incorrecily, 
setting up the problem incorrectly, or by pushing the wrong keys, thus 
entering data or operations incorrectly. You can check your answer two 
ways. Form the habit of doing a rapid mental calculation (Chapter 4) for 
all problems, to estimate the approximate answer. Compare the answer 
with the picture you draw to see if the size makes sense. Reread 
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the original question, to see if you have calculated the quantity required. 
Often students are so pleased at accomplishing a difficult calculation suc- 
cessfully that they forget to complete a final step. 

A word about computers: Even if you have access to a personal com- 
puter, you may not find it helpful for beginning chemistry calculations. 
For most work, a calculator is faster and more convenient to use. A 
computer is likely to be convenient only when you must repeat a calcu- 
lation for many sets of numbers. 

The same device that applies to calculators applies to work with com- 
puters. Learn how to enter the commands and data, and practice until 
you can do it accurately without having to take time to look up the rules 
every time. One of the most maddening things about computers ts that 
they do what they are told, not what you mean to tell them. Further- 
more, they do what you command only if you enter the commands in 
precisely the required way. Be careful about such details as punctuation 
and exact abbreviations. Every program or programming language has 
its own specific requirements. Take care to enter numbers accurately. 
Check the answer to see if it makes sense. 


1.3. LOOKING AT PROBLEMS 


Most work in chemistry is not only descriptive but also quantitative. 
That 1s, it deals not only with what happens, but also with questions of 
“how much?” This book 1s intended to help you work a variety of quan- 
titative problems. Some advice: 

1. If your teacher prefers a method that is different from the one in 
this book, use your teacher’s method. If your teacher prefers a 
method of rounding off or of writing significant figures that is dif- 
ferent from the one in this book, you may need to correct the 
answers at the end to reflect this alternate method. 

2. There is some basic information about notations and general rules 
of mathematics in Chapter 2 and Section 10.1. If any of this is 
unfamiliar to you, or if you are not sure you remember the rules 
correctly, work through that material before you do anything else. 


3. For all kinds of problems, you can help yourself succeed by doing 
the following: 


Draw a picture. 
Write it down. 
Think about your answer. 


Most chemistry problems require several steps. Even if the calculation 
can be done in onc step, you may need to gather several pieces of infor- 
mation before you can start. Don’t try to keep everything in your head. 
Every time you find information you need, and every time you figure out 
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a step in solving the problem, write it down. Write down anything you 
plan to enter on your calculator. Write down any answer. The time 
needed to write down clearly labeled information will, in the end, be 
made up by time saved understanding what you are doing. You don’t 
need to use your best handwriting, but your work must be organized and 
clearly labeled, so you can use it without having to think it through 
again. 

Before we discuss ways to draw pictures to illustrate problems, let’s 
review the metric system of measurements. 


1.4. METRIC SYSTEM 


For scientific work, measurements are made in the metric system, the 
system of measurements used in most countries in the world. The advan- 
tage of this system is that units are related by powers of 10 so that 
conversion to units of different sizes requires only moving a decimal 
point. 


Prefixes 


For all measurements in the metric system there is some unit that is used 
without a prefix on the name. Smaller and larger units are designated by 
prefixes (unlike English units, where the names as well as the numerical 
relationships are arbitrary). The prefix for 1000 of the basic units is kilo-, 
abbreviated k. The prefix abbreviation is combined with the unit abbre- 
viation so that kilogram is written kg. For a smaller unit, 1/1000 as large 
as the fundamental unit, the prefix milli-, abbreviated m, is used. It 
is occasionally useful to use a unit 1/100 as big as the fundamental 
unit; this has the prefix centi-, abbreviated c. For even smaller units, 
1/1,000,000 of the fundamental unit has the prefix micro-, abbreviated 
with the Greek letter 4 (mu); 1/1,000,000,000 of the fundamental unit has 
the prefix nano-, abbreviated n. No periods are used after the abbrevia- 
tions for the units. The metric units are summarized in Table 1.1. To 
convert from one unit to another requires only moving the decimal point 
the correct number of places (often three). A quantity of a given size may 
be measured by a few large units or many small ones, just as a given 
amount of money might be paid with 1 dollar bill, with 10 dimes, or with 
100 pennies. The larger the size of each one unit, the more of them. Thus 
2 m = 2000 mm (not 0.002 mm) since there must be a lot of the small 
units, mm, to make up the 2 large meters. Verify this by looking at a 
ruler and by doing the calculation by dimensional analysis (Chapter 5). 
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Uris) (61S 9 ab. METRIC UNITS* 
Prefix Size Mass Length Volume 
mega, M_ 1,000,000 units = 10° megagram, megameter,  megaliter, 
Mg Mm ML 
kilo, k 1000 units = 10° kilogram, kilometer, kiloliter, 
kg km kL 
unit gram, meter, liter, 
zg m L or | 
, I : -,; decigram decimeter deciliter 
deci,d = — unit = 107! ree 
a ie dg dm dL 
; F 2 [ ' iliter 
ee t = 10-2 Ccentigram, centimeter, —_centiliter, 
centi, c 100 uni S pa a 
ran ; 4 ilhi Ni ililiter 
= 10-3 milligram, millimeter, mil : 
milli, m 1000 unit ae ae eat 
I ; 6 Microgram, micrometer, microliter 
micro, —— unit = 10° ; , ‘ 
ro * 15000,000: ug um A 
(micron) (lambda) 
; - liter 
anon unit = 10-9 "4nogram, nanometer, nanoliter, 
‘ 1,000,000,000 ng an ALL 


* Italicized units are seldom used, 


@ EXAMPLE 1 


An object has a mass of 25 g. What is its mass in (a) kg and (b) mg? 


For each, you must move the decimal point three places, as indicated 
by the exponent 3 in Table 1.1. At first glance, there seems to be no way 
to move the decimal point in either direction, since there are not three 
digits before or after the original position of the decimal point. You do 
not change the size of a number if you add additional zeros before or 
after a number as placeholders, as long as you are careful not to place 
any zeros between the original number and the original position of the 
decimal point. Write in the zeros; then move the decimal. 

A kilogram equals 1000 g, so there must be a smaller number associ- 
ated with the unit kilogram than with the unit gram. The decimal must 
be moved three places to the left: 

2g= 00,258 = 0,025 kg 

A milligram is much smaller than a gram, so there must be many 
milligrams for each gram. Therefore, the decimal point must be moved 
three places to the right. 


25.0,0 0,8 = 25,000. mg e 
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Length 


Length is a measurement of distance or extension. The metric unit of 
length is the meter,* which measures about 39.37 inches, a little longer 
than | yard. The meter is now officially defined as 1,650,763.73 wave- 
lengths in vacuum of a specific radiation of the krypton-86 atom. There 
are instruments that use krypton radiation for measurement, but for 
everyday use it is obviously more common and convenient to measure 
by comparison with a calibrated bar. Examples of such bars are rulers 
and meter sticks. 

Although the meter is a convenient unit for many purposes, from 
measuring fabrics to measuring distances at track meets, it is rather small 
for measuring distances between cities; for this the kilometer (km) is 
used. A kilometer is about 0.6 mile. For a great deal of other work the 
centimeter (cm) is more useful than the very small millimeter (mm). One 
inch is 2.54 cm or | cm = 0.4 in. 


Mass 


Mass is the quantity that most people mean when they refer to weight. 
Mass refers to the amount of a substance present and is measured by the 
procedure referred to (inconsistently) as weighing. (Weight is a measure 
of the effect of gravity on a given mass. The mass of a substance does not 
change, but the weight depends on the force of gravity.) 

Since the gram is inconveniently small for everyday use, the kilogram 
is commonly used. The legal standard of mass is the standard kilogram, 
a carefully preserved piece of metal with which other masses can be com- 
pared. One kilogram is about 2.2 lb. 


Volume 


Volume is not a fundamental measurement because it can be defined in 
terms of length. However, it is convenient (as well as traditional) to have 
a defined unit of volume with which to work. The unit used in the metric 
system is the liter, which is about 1.06 quarts. Various definitions have 
been used, but the liter is now defined as the volume of a cube 1 deci- 
meter (dm) or 0.1 m ona side, or as 1000 milliliters (mL), where 1 mL is 
the volume of a cube | cm on a side. 


Note: This means that 1 mL = 1 cm’. Furthermore, many scientists 
speak interchangeably of milliliters and cubic centimeters. 


* The people who devised the metric system, in France, wished to develop a rational 
and interrelated system of units, based on some universal measurement. They chose as the 
unit of length, the meter, one ten-millionth of the distance from the North Pole to the 
Equator on the meridian passing through Paris. For convenience in making measurements, 
this distance was marked on a metal bar, with which other measuring sticks could be 
compared. A unit of mass was defined in terms relating to the length of the meter by 
making use of that ubiquitous liquid, water. One gram was defined as the mass of | cubic 
centimeter of water. 
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Time 
Time, along with mass and length, is a fundamental unit, that is, one that 
is not defined in terms of the other units. The standard unit of time is the 
second. 


Temperature 
Temperature measurements in science use the Celsius scale (formerly 
called centigrade) or the Kelvin (absolute) scale. The Celsius scale is 
based on the use of the freezing point of water as 0° and the normal 
boiling point of water as 100°. Celsius temperatures are related to Fahr- 
enheit temperatures by the following equation: 


ee 
Fry 


= 
9 
The Kelvin temperature is obtained by adding 273° (more precisely, 
273.15°) to the Celsius temperature. The advantage of the Kelvin scale is 


that all temperatures are positive. Modern usage omits the degree sign 
from Kelvin temperatures, so 25°C would be written 298 K. 


Energy 


In the international system of units (SI units), the energy unit is the joule, 
abbreviated J. The joule is defined in terms of the fundamental metric 
units. 


1 joule = 1 kg: m/sec? 
Older reference works use a unit, the calorie, that is defined as the heat 
needed to raise the temperature of 1 gram of water by 1 degree Celsius 
or, more specifically, from 14.5°C to 15.5°C. (The calorie used in measur- 
ing the energy available from foods is the kilocalorie, sometimes indi- 
cated by spelling “calorie” with a capital C.) 
1 cal = 4.184 J 


Another unit, the erg, is defined as 107’ joule. 


PROBLEMSt 


1.1 What is the full name of each unit? 
(a) cm (b) mm (c) nm 
(d) kg (e) mL (f) mg 


t Solutions to the starred problems are given at the end of each chapter. 
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1.2 Convert from the unit given to the one indicated, for each problem. 


(a) 0.25 mtocm *(b) 0.25 m to mm 
(c) 372 mg tog (d). 20.293. TtoomL 
*(e) 29g to kg (f) 20kg tog 


(g) 2932 m to km 


1.3 Perform the unit conversions indicated. 
*(a) “525 mL. to L *(b) 525 mL to cm? 
(oc) 132 Db to mi (d) 1.32 L to cm? 


a SSS 


1.5. DRAW A PICTURE 


Students often feel lost when they try to deal with quantities expressed in 
scientific units, even when they can do the same calculation easily if it is 
expressed in familiar units. Why can you do a calculation involving 
apples or gumdrops or inches, and then not be able to do the same 
calculation when it involves moles or nanometers? There are two 
answers. The first is selling yourself short. You tell yourself that you 
don’t know the answer, so you don't try to calculate it. The second is 
that you can’t picture what the problem means and don’t understand the 
words. 

When you watch a lesson presented on television, the teacher shows 
you a picture and refers to the picture repeatedly. If you are studying or 
working problems, you will often find that drawing your own picture 
helps you to understand a concept or evaluate an answer. It is also 
helpful to think about real-life examples and to look at objects you can 
handle such as rulers or molecular models. 

Another common problem is that words used in science are some- 
times ones that are also used for other things. It’s bad enough when a 
word means nothing to you, but it gets even more confusing when the 
mental picture called up by a word doesn’t fit anything that makes sense. 
You might be sure that a “mole” as used by a chemist is not a little furry 
animal that makes a mess of lawns, or a dark spot on the skin, but 
sometimes it’s not so obvious that there’s a problem. It can be hard to 
understand a definition. Sometimes the only way to grasp the meaning is 
to use the definition repeatedly. If you have to use words you don’t 
understand to solve problems you don’t understand, where do you start? 
Start by drawing a picture. The picture doesn’t have to be artistically 
drawn or detailed; a general scheme that helps you understand the infor- 
mation is enough. 
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1 Quack 10 Quicks 
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REM een, 


1 Quick 


FIGURE 1.1 Ten quicks are the same size as (equal to) 1 quack. 


M@ EXAMPLE 2 


You are asked to calculate the number of quacks in 57 quicks. The units 
quick and quack are defined in one of the following ways. All these defini- 
tions say the same thing; they are just phrased differently. 

A quack contains 10 quicks. 

A quick is 0.1 quack. 

There are 10 quicks in 1 quack. 

Start by drawing a picture of the relative size of the units (Figure 1.1). 
The names of the units are, like many units in science, very similar as 
well as being words with other meanings. They are unfamiliar to you, of 
course, since they are not real units; they were made up for purposes of 
this problem. 

Now the units look “real.” You can see that the number of quicks is 
much larger than the number of quacks, for the same-size item. This 
helps you check the result of your calculation. If you calculate that 57 
quicks are 5.7 quacks, that is reasonable; the number of quacks must be 
smaller than the number of quicks, since it takes a pile of 10 quicks to 
make up | quack. If you did the calculation wrong and came up with an 
answer that 57 quicks equal 570 quacks, you could see that the answer is 
wrong; 570 quacks would have to be an awful lot of quicks. & 


Many relationships in scientific work are ratio units. That is, they are 
quantities that show the relationship between two other units. You 
encounter many ratio units in everyday life. You drive your car at a 
speed of 40 miles per hour (40 miles traveled for every 1 hour moving at 
that speed). Food and beverage containers are labeled to show the 
number of servings per container. 

Such ratio units are harder to illustrate, because you must somehow 
show two units combined into one. Probably the best way to show such 
a relationship is to draw the two units side by side, enclosed in a box to 
indicate they are part of the same overall unit. 
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FIGURE 1.2 Five buttons for every one shirt. 


It may help to illustrate this concept with familiar objects before we 
try to draw a picture of a ratio unit used in chemistry. 


@ EXAMPLE 3 


You are buying buttons for shirts. (Assume you can’t find new buttons 
that match the old ones, so that you are buying all new buttons.) If each 
shirt has five buttons, you are working with a ratio unit, five buttons/ 
shirt. You need an illustration showing a grouping of five buttons for 
every one shirt (Figure 1,2). G 


@ EXAMPLE 4 


The density of silver is 10.5 g/cm*. The density of octane (a component 
of gasoline) is 0.70 g/cm*. You are asked to calculate the mass of 50 cm3 
of each. 

Density is another ratio unit. Here, the first question is how to draw 
an indication of the units. It is easy to draw a unit of volume, such as 1! 
cm* by drawing a picture of a cube | cm on a side (Figure 1.3). If you 
recognize that 1 cm’ = | mL, you can draw a container with a substance 
up to the 1-mL mark; this might make you more comfortable than 
drawing a cube when you are talking about a liquid. & 


How can you show the number of grams associated with | cm?? A 
gram Is a unit of mass (the quantity you commonly think of as weight). 
You could draw a balance (a “scale”) with the pointer pointing to the 
mass, but that wouldn’t be much help when you need to judge whether 
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11cm? 


mL 
FIGURE 1.3 


the result of a calculation is a reasonable answer. It is more helpful to 
draw objects you can count. Traditionally, the objects used have been 
old-fashioned weights, metal cylinders with narrow necks. Until recent 
times, substances to be weighed were placed on one pan of a balance, 
and objects of known mass (“weights”) were placed on the other pan, 
until the balance was level. The mass of the object then equaled the sum 
of the masses of the weights used. 

Use whatever objects you find convenient to represent the mass, 
perhaps coins or stones. The important thing is to use something that 
helps you understand the relationship. 

Figure 1.4 shows you that the number of grams of silver is much 
bigger than the number of cm?. For octane, the number of grams is 


vs OOOOOOCCOOT 


1cm? CS 


(a) Density of silver 10.59 = 1cm? 


0.70g g 
icm’ G 


(b) Density of octane 0.70g = 1cm? 
FIGURE 1.4 
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smaller than the number of cm*. When you have carried out the calcu- 
lation in the problem, you should check to see that your answer fits this 
pattern. For silver, 50 cm* = 535 g. If you made a mistake and got 54.7 g 
or 0.21 g (answers that would result from two common errors in the 
setup), you should be able to see that the answer is wrong. In the first 
instance, 54.7 g is a number that is almost the same size as 50 cm?, but 
the picture in Figure 1.4 shows that the number of grams must be a great 
deal bigger than the number of cm?. An answer like 0.21 g cannot be 
correct, since the number of grams cannot be smaller than number of 
cm’*. Similarly, if you get the answer that 50 cm? of octane have a mass 
of 35 g, you can see that the answer is reasonable. If you calculated that 
the mass was 71 g, the answer must be wrong, since the number of grams 
of octane must be smaller than the number of cm?, 





PROBLEM 


1.4 One mole of carbon is defined as the amount of carbon that has a 
mass of 12 grams. Use an illustration to help you answer the ques- 
tions. 

(a) How many grams are there in 2 moles of carbon? 

(6) How many grams are there in 0.5 mole (half a mole) of 
carbon? 

(c) You calculate that 15 grams of carbon are 180 moles. Is your 
answer correct? 

(d) Ona multiple-choice exam, a question asks for the number of 
grams in 2.5 moles of carbon. Without doing the calculation, 
select the answer most likely to be correct: 

(1) 0.21 g (2) 30g (3) 30g (4) 3000 g 


It can be helpful to draw pictures to help you understand words and 
concepts, even when you are not working a problem. For example, let’s 
say you find the words used for the different parts of a solution are really 
confusing, since they all sound alike. Again, draw pictures. A solute dis- 
solves in a solvent to form a solution. The solute may be a solid, liquid, or 
gas. The solvent is most often a liquid. Draw a picture of a solid solute 
and a liquid solvent, forming a liquid solution. Label each carefully. 

It also helps to see a real example. You probably have a chance to do 
that in the laboratory, but you can easily find real-life examples. Put a 
spoonful of sugar (the solute) into a glass. Add water (the solvent) and 
stir to make a solution. The solution is clear, since it is homogeneous; 
that is, it ts all a liquid, with no solid particles to block the light. It is 
colorless, as is usual when both solvent and solute are colorless. 

Form the habit of drawing pictures whenever you need help visual- 
izing the size or relationship of measurements or of objects. For most 
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problems, the picture can help you both to understand the calculation 
and to judge whether your answer is reasonable. 

A word of caution: An incorrect picture can be misleading. Once you 
visualize an incorrect picture of a concept, it can be hard to correct your 
thinking. 


1.6. SIGNIFICANT FIGURES 


Measurements, and calculations based on measurements, must be 
reported to the correct number of significant figures. Significant figures 
are those that convey information. If you report that 8913 people attend- 
ed an event, the reader is justified in expecting that you counted the 
number of people present carefully and know that the number was 
exactly 8913 and not some other number, such as 8920 or 8910. On the 
other hand, if you wrote that the attendance was about 9000, the reader 
would know that you had a general idea about the number of people 
present but had not made a precise count. In the first number, all four 
digits are significant, since all four convey information about the count. 
In the figure 9000, it is not at all clear how many digits are significant, 
since the zeros are needed as placeholders; there is no indication of the 
precision of the number. 

When a number represents a count of objects, it is an exact number. 
Five apples are exactly five and not a little under or over. However, 
numbers representing measurements are not similarly exact. Measure- 
ments are limited in precision by the measuring instrument used. If you 
are weighing or measuring a ball, you would not need to weigh or 
measure very carefully if the ball is a toy. You would need better measur- 
ing instruments to make sure a ball to be used in professional com- 
petition meets the legal standards. 

If you are measuring an object with a ruler marked in centimeters, 
you can say that the object is nearer the 5-cm mark than any other. You 
can estimate that it is not as much as one tenth of a centimeter to either 
side of that mark so that it is larger than 4.9 cm and smaller than 5.1 cm. 
It would then be correct to indicate that the length of the object is 5.0 
cm. Such an indication means that you know the 5 exactly but are in a 
little doubt about the second figure, with a variation of 0.1 either way 
(unless a larger variation is indicated). It would not be correct to write 
the length as 5.00 cm, since with some doubt about the second figure you 
know nothing whatsoever about the third. The measurement 5.0 cm is 
said to have two significant figures. 

A measurement should be written in such a way that the last digit 
shown, but only the last digit, is in doubt. For instance, if you use a 
burette in the laboratory, the 23.2- and 23.3-mL marks are indicated. 
Therefore, you know the first place after the decimal with certainty and 


14 GETTING STARTED 


can estimate the next place. Hence you can report a volume reading as 
23.29 mL with four significant figures. You should not, however, indicate 
a measurement as 23.200 mL, with five significant figures, even if it 
appears to be right on the mark; the markings on the instrument leave 
the second decimal place in some doubt so that nothing is known about 
the third. Equally, a liquid level right at the 5.0-mL mark should be 
recorded as 5.00 mL, not as 5 mL. A reported reading of 5 mL would 
indicate that the 5 is in some doubt. 


1.6.A. Determining the Number of Significant Figures in a 
Number 


To determine the number of significant figures in a number, count all 
digits that are not zero and any zeros that come between non-zero digits. 
There would be four significant figures in the number 8003. Count zeros 
written to the right of a decimal point when they occur after other (non- 
zero) digits. Do not count zeros that are used only to position the 
decimal point. The number 2.00 has three significant figures; the zeros 
after the 2 are not needed to show the position of the decimal point and 
are included to show that the first decimal place is known exactly and 
the second is in doubt. The number 2.00 can be taken to indicate that the 
value is known to be greater than 1.99 and less than 2.01. On the other 
hand, the number 0.002 has one significant figure; zeros come before the 
number and are needed to locate the correct position of the decimal. 


EXAMPLE 5 


How many significant figures are present in each number? 
(a) 1.0062 (b) 0.0062 (c) 0.00620 (d) 106.20 


All figures in 1.0062 are significant, since the zeros come between non- 
zero digits. It has five significant figures. 

For 0.0062 the zeros are used only to position the decimal point and 
are therefore not counted. There are two significant figures. 

The number 0.00620 has two kinds of zeros. Those before the 6 are 
needed to show the position of the decimal point and are not significant 
figures. The one after the 2, however, is not needed to locate the decimal: 
it is present to show that that place is known with some accuracy. There 
are therefore three significant figures. 

In 106.20, there are five significant figures. One zero comes between 
two non-zero digits. The second zero is at the right of the decimal point 
and after non-zero digits. a 


When zeros come after other digits but to the left of the decimal point, 
there is considerable ambiguity about the number of significant figures, 
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The number 720 might have either two or three significant figures. This 
ambiguity is removed if the number is written in exponential notation 
(see Chapter 3). If there are two significant figures, the number would be 
written 7.2 x 107, and if there are three significant figures, the number 
would be written 7.20 x 107. If no clear indication is given, use the 
number 720 as if it had three significant figures; extra figures can always 
be dropped later. 


1.6.B. Use of Significant Figures In Calculations 


It is important to report the result of a calculation in a way that reflects 
correctly the precision of the original experimental measurement. If you 
have measured the dimensions of a rectangular solid as 28 cm by 22 cm 
by 16 cm (all measurements to two significant figures), it is meaningless 
to report that the volume of the solid is 9856 cm*, even though the 
product of 28 x 22 x 16 is indeed 9856. The number 9856 has four sig- 
nificant figures and implies that the volume is known to be between 9855 
and 9857 cm?. This is incorrect, since the volume is not known with that 
degree of accuracy. A variation of 1 in 9856 is a possible error of 0.01%. 
In fact, the possible error is | in 16 (the least precise measurement), or 
6%. The result reported can never be more accurate than the measure- 
ment on which it is based. The volume should have been reported as 
9900 cm? or 9.9 x 10° cm’, rounded off to two significant figures. 

To round off, drop all the extra figures. If the first figure dropped is 4 
or less, the result is your answer. If the first figure dropped is 5 or more, 
' add 1 to the last figure remaining 


9.746 — 9.7 
9.756 > 9.8 


Some people prefer a modification of this rule. If the first figure 
dropped is 5, round to the even number. In other words, if the first figure 
dropped is 5, look at the last figure remaining. If that figure is odd, add 1 
to the last figure remaining. If that figure is even, do not add 1. 


9.75 + 9.8 
9.85 + 9.8 


Your calculator is no help in determining the appropriate number of 
significant figures in an answer. It will show far too many digits in most 
calculations, but will omit final zeros that may, in fact, be significant. 
You must determine the number of significant figures that is appropriate 
in your answer and round off or add final zeros to show that number. If 
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your calculator gives an answer of 5 and your answer should have three 
significant figures, write the answer as 5.00. 

The number of significant figures in the answer should match the least 
precise measurement. There are some general rules that help you deter- 
mine this. 

When adding or subtracting measurements, round off to the decimal 
place of the least precise measurement. This is the measurement having 
the fewest decimal places, not the one with the fewest significant figures. 

If you measure a distance as 29 cm, this means that the length is 
between 28 cm and 30 cm, since there is a possible variation of | in the 
last significant figure. If you then add a length of 0.05 cm to the origina! 
measurement, the total will still be 29 cm within the limitations of your 
measuring device. 


EXAMPLE 6 


Add 125 cm, 5.39 cm, and 32.905 cm. 

The measurement made with least precision is 125 cm, with a possible 
variation of 1 cm. Therefore, the measurements should be rounded off to 
the ones column. Some people round off before adding, on the basis that 
it is not possible to add something to an empty column. Others prefer to 
add first, then round off. 


125 = loon 
5:29 = ‘Sem 
32,905 = 33cm 





163.295 = 163 cm 


This answer implies a doubt in the last place shown, that is, a possible 
variation of 1 cm, exactly as in the least precise measurement. | 


When multiplying or dividing measurements, report the result of the 
calculation to the same number of significant figures as the measurement 
having the fewest significant figures. It is necessary to use the count of 
significant figures, rather than the position of the decimal point, since the 
position of the decimal point changes in these calculations. 


EXAMPLE 7 


Multiply 451 mm x 36 mm and report the result to the correct number 
of significant figures. 

The least precise measurement in the data is 36 mm, with two signifi- 
cant figures. Therefore, the product must be shown to two significant 
figures. 
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451 mm x 36 mm = 1.6 x 104 mm? or 16,000 mm? 


It would not be correct to write the answer as 16,236 mm?. e 


EXAMPLE 8 


Perform the calculation and report the answer to the correct number of 
significant figures. 


1.250 cm x 4800 cm 
7.50 cm 


The least precise measurement is 7.50 cm, with three significant figures. 
Therefore, the answer must be shown to three significant figures. The 
answer its 0.800 cm, not 0.8 cm. ae 


Although this procedure is the one used in most general chemistry 
books, and is therefore the one that will be used in this book, some 
people prefer to retain one additional significant figure when the first 
digit is 1. Using this method, the answer to Example 7 would be reported 
as 1.62 x 10* mm?. 


PROBLEMS 


1.5 How many significant figures are there in each measurement? 
(a) Si cm (b) 1.0023 g (c) 0.005 g 
(d) 0.0210 m (ec) 40.00 mL 


1.6 Report each sum to the correct number of significant figures. 
(a) 150¢+2.39 ¢+0.012 g 
(b) 0.137 g + 0.0022 g + 0.011 g 
(c) 12mL+4+0.12 mL + 0.012 mL 


1.7 Report the result of each calculation to the correct number of sig- 
nificant figures. 


25 x 720 


ay TP 92 1297 b 
(a) x 92 x re 


9.56 x 0,0500 BOT 5 
0.239 a FAAP oe 
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SOLUTIONS 
TO STARRED PROBLEMS 





1.2(b) To convert m to mm, the decimal must be moved three places to 


(e) 


1.3(a) 


(b) 


the right (many small units, mm, equal few large units, m). There 
are only two digits shown, so a zero must be added to provide 
the third place. 


025 n= 0.2,5,9, m 
= 250 mimi 


To convert g to kg, move the decimal three places to the left (a 
few big kg equal many smaller g. Here, again, a zero must be 
provided as a placeholder. 


eo b= O28 


= 029 ke or 0.029 kg 
(A zero is usually written before the decimal to help show that a 
decimal point ts there.) 
To convert from mL to L, move the decimal three places to the 


left. 


O20, mL = 0.520 L 


Since mL = cm?, 525 mL = 525 cm’. 





REVIEW OF MATHEMATICAL 
PROCEDURES 


There are some procedures and rules of arithmetic and algebra used 
repeatedly in work in science that everyone assumcs you know. In fact, 
students frequently get tripped up because they don’t really remember 
some of the fundamentals. 

Many pcople are not sure what they are doing when they must use 
positive and negative numbers or percents or ratios. Most people feel 
somewhat insecure in working with fractions. This chapter reviews nota- 
lions and the rules for various calculations. If you are really certain of 
your knowledge of these fundamentals, you can skip Sections 2.1-2.5. 
Sections 2.6 2.10 are likely to be a useful review for most students. 


2.1. NOTATIONS 


2.1.A. Use of Letters in Equations 


Mathematical rules are commonly expressed in terms of letters rather 
than numbers. This is not in order to be mysterious but to be general. 
Whereas an equation involving specific numbers refers only to a single 
situation, an cquation involving letters can be very flexible. For example, 
the equation 5 + 10 = 8 + 7 ts perfectly truc, but it would not be truc if 
other numbers were substituted. It refers to a special case. On the other 
hand, the rule that addition may be done in any order can be expressed 
by the cquation a +b = b + a. This equation is always true, no matter 
what numbers are substituted for a and b. Moreover, this equation tndi- 
cates clearly that the same numbers are used on both sides but used in a 
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different order. The use of letters, then, permits a clear and general state- 
ment to be expressed. 

It is very common in scientific work for letters to be used in other 
ways. A letter is often used as a convenient abbreviation for a longer 
word or phrase that describes a quantity used in a calculation. For 
instance, if the mass of aluminum used in a reaction is a quantity that 
appears repeatedly in a calculation, then it is convenient to write “let 
a= mass of aluminum used” and to use the letter a rather than the 
longer phrase thereafter. 

Another use of letters is in general equations expressing some 
relationship. These equations can be used as formulas for calculation. 
For example, the density of a substance is defined as the mass for every 
unit of volume. This can be expressed as an equation, where d is the 
density, m the mass, and v the volume: 


This equation can then be used for future calculations in which one mea- 
sures any two of the three quantities and then calculates the third. 

Although any letter can be used in an equation, letters at the begin- 
ning of the alphabet are often used for constants, quantities that have a 
fixed value in the situation under consideration. Letters at the end of the 
alphabet (x, y, and z) are used to indicate variables, quantities that 
change in a way specified by the mathematical statement. These are 
common usages rather than firm rules. In addition, in scientific work, 
certain letters and symbols are used by general agreement as abbrevia- 
tions for certain measurements (as in the definition of density). These 
usages will be followed in this book. 

Occasionally in science, a two-letter symbol is used. For example, the 
Greek capital letter delta is used to mean “a change in” so that a change 
of temperature is shown in an equation as AT. The AT is all one unit, 
not a quantity A multiplied by a quantity T. Unfortunately, this can be 
confusing if you are not familiar with the particular notation used. 
Sometimes the same letter is used for several quantities, with special 
designations such as subscripts to tell one from another Tr 45> 0 TOF 
the first temperature, second temperature, final temperature.) 

Let us review some of the common and undoubtedly familiar nota- 
tions of mathematics and some general rules. 


2.1.B. Symbols 


Equivalence 


Equivalence is shown by the equals sign, “ = .” The equals sign is used in 
mathematics to mean “is another name for,” and the two quantities con- 
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nected by an equals sign can be used interchangeably. The statement 
2+ 3 = 5 means that 2 + 3 is another name for the number represented 
by the numeral 5. 

For work in chemistry it is convenient to use the same equivalence 
sign for a broader range of meanings. There is no problem understand- 
ing what the equals sign means when it is used to show the same mea- 
surement expressed in different units, as 


$1 = 4 quarters 
1000 mL = | L (one thousand milliliters equal one liter) 


It is convenient to use an equals sign to connect two quantities that are 
in some sense equivalent, even where one ts not “another name for” the 
other. For example, if in a reaction two molecules of ammonia, NH,, 
react with one molecule of sulfuric acid, H,SO,, then in a chemical sense 
two molecules of NH, are equivalent to one molecule of H,SO,. So, in a 
sense, 2 molecules NH, = | molecule H,SO,. 

The symbol = means “is approximately equal to.” 

The symbol =, which looks like an equals sign with emphasis, is 
read “is identical to.” 

It is sometimes useful to indicate that one quantity is not equal to 
another; this is shown by drawing a diagonal line through the equals 
sign, “ # .” 


a#b is read “a is not equal to b” 


Inequalities 


Inequalities may be shown with the symbol > , greater than, or <, less 
than. 


a>b “ais greater than b” 


baa “b is less than a” 


One way to remember which one is which is to note that the large end of 
the symbol points to the bigger quantity, the small end to the smaller 
quantity. 

A variation on these symbols is used to indicate that one quantity 
may not be greater than another. A satisfactory relationship exists if the 
two quantities are equivalent, or if the first is smaller than the second. 


a<b “a is equal to or less than b” 


b>a “b is equal to or greater than a” 
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Plus Sign 
The plus sign, “ + ,” is used in two ways. A plus sign before a number 
indicates that the number is positive. A plus sign between two numbers 
indicates that the numbers are to be added. 


Minus Sign 
A minus sign, “ — ,” is similarly used both to show that a number is 
negative and to indicate subtraction. Subtraction is used to find the dif- 
ference between two numbers, that is, the change required to go from 
one to the other. 

Although the same symbols, + and —, are used to show positive 
and negative numbers and also to indicate the arithmetic operations of 
addition and subtraction, this does not cause problems. Adding negative 
3 to positive 2 is the same as subtracting 3 from 2 and gives the same 
result. 


24( =e aa=il 


Multiplication 

Multiplication is addition repeated a specified numbers of times. There- 
fore, 3 x 4, which is read “three times four” or “three fours,” means 
4+4+ 4. The result is called the product. There are several ways to 
indicate that the operation multiply is to be performed. In arithmetic it is 
common to use an “x” between the factors (the numbers to be 
multiplied). However, in equations in which letters are used, the x might 
be mistaken for a variable. Therefore, other symbols to indicate multipli- 
cation are used. When only simple letters or one number and one or 
more letters are used, no sign for multiplication is shown, and the letters 
are simply written in sequence. 


ab means a times b 

12x means 12 times x 

3ab? means 3 times a times b times b 

(the exponent applies only to the b, not to the 3 or a) 
Where confusion might arise from writing the quantities in sequence, 
parentheses are used or, less commonly, a dot or an asterisk is posi- 
tioned midway between the quantities. The product three times four 
times x could then be written 
3(4\ x) or 3(4x) or 3:4:x 


or 3 * 4x or even 4(3x) 
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The important consideration is to show that the 3 and 4 are to be multi- 
plied and are not meant to be the number 34. 


Exponents 


Exponents are used to show repeated multiplication. If 2 is to be multi- 
plied by itself and the result again multiplied by 2 (so that 2 is used as a 
factor 3 times), we can write 2 x 2 x 2 or, more conveniently, 2°. The 2 
is called the base and the 3 the exponent. The exponent shows how many 
times the base is used as a factor. Then x° shows that x is used as a 
factor 5 times: 


xy 
In even more general terms, x” means that x is used as a factor n times. 


Division 
Division can be shown by the division sign, “ + ,” but is far more fre- 
quently shown by writing a fraction. Thus 10 divided by 5 is written 


— or 10/5 


The horizontal line is clearer and more convenient for use in pencil-and- 
paper calculations. The diagonal slash is used to indicate division when 
working on a computer and is usually used in printed material because it 
permits a single horizontal line of type. The result of division is called the 
quotient. 

Division can also be indicated by a negative exponent: 


. 1 
a ae 
x 


In this notation, 10 divided by 5 would be written 10(5~'). When 
numbers are written in exponential notation (see Chapter 3), it is conve- 
nient to write a negative exponent to indicate division. This notation is 
being used increasingly for units; for example, miles per hour would be 
written miles hr‘ rather than miles/hr. 


Grouping 
Grouping is shown by parentheses, which must be used wherever there is 
any possibility of confusion. Where parentheses are used, the operation 
grouped within the parentheses is to be performed first. Then the result is 
used as indicated. For instance, a(b + c) means that the sum of b and c is 
multiplied by a. If the parentheses had been omitted, the statement 
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ab + c would have meant that only 6 is multiplied by a, and then c is 
added to the product. Sometimes parentheses are used only to call atten- 
tion to a specific grouping. For instance, an important law of arithmetic, 
the associative law, is stated 


a+(b+c)=(a+b)+c 


This says that three numbers may be added in any order without chang- 
ing the results. The parentheses are used to show which two are added 
first. 

Sometimes quantities within parentheses must be grouped further. 
For this, another set of parentheses inside the first may be used or, to 
avoid confusion, square brackets or braces (wavy brackets). When braces 
are used, they are used for the largest (outermost) grouping, followed by 
square brackets for the next group, and parentheses for the innermost 
group. An example of this sequence follows: 


5410 + 9X1 + 4)) — “} 


In such an expression, the operations are performed starting with the 
innermost group and working outward. In the expression shown, the 
first thing to do is to add 3 + 9 and add 1 + 4. Then multiply the results. 
Then subtract cd/k from the product. Last, multiply the result by 5. 

On a calculator or computer, only the simple, curved parentheses are 
used, not square and wavy brackets. If your calculator can use several 
levels of parentheses, it is essential to be careful to check that every set of 
parentheses is closed, that is, that it has both a left and right side. 


Roots 


Taking a root is the opposite of raising to a power. The fourth root of a 
number is the factor that must be used four times to produce the 
number. 


x= Wy if XxX X=Sy 


Roots are shown in either of two ways. For square roots, and 
occasionally for others, it may be convenient to use the sign / oF me 
The horizontal line is convenient in that it shows that the root is to be 
taken for everything under the line, but it is sometimes omitted for speed 
and economy in setting material in type. If a cube or higher root is 
meant, the numerical index must be shown. The “square root of 25” can 
be written \/25, but “the cube root of 27” would be written .f27. The 
meaning of “square root of 25” is “the number that when squared 
(raised to the second power, i.e., multiplied by itself) gives 25.” This gives 
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rise to one problem: Since both (+ 5)? and (—5)* equal 25, which root is 
meant? When there is no reason to choose one over the other, the 
correct statement is \/25 = +5, or “the square root of 25 is plus or 
minus 5.” 

Another way to indicate roots, and one more common in science, is to 
use fractional exponents (see Chapter 3). In this notation the exponent 
1/2 shows the square root, the exponents 1/4 shows the fourth root, and 
so on. Then, (25)'/? = +5. Both raising to a power and extracting a root 
can be shown in the same exponent, so (25)*/? means ./25 x 25 x 25. 
That ts, 25 is to be cubed and the square root of the result found. Alter- 
natively, it can be read 


D5 eS Ke 52 


That is, the square root of 25 is to be cubed. Either sequence of oper- 
ations gives the same result. (Verify for yourself that the result is + 125.) 


Absolute Value 


The absolute value of a quantity is shown by writing the quantity 
between vertical lines, |x|. The absolute value is the positive numerical 
value, regardless of plus or minus signs. Thus |+2| = 2 and | —2| = 2. 


Equations 


Equations are mathematical sentences. An equation shows that one 
quantity equals (is another name for, or has the same value as) another. 
It does not matter which of the two quantities is shown on the left and 
which on the right. In fact, an equation may be switched left for right: 
that is, if x = y, then y = x. Furthermore, the two sides remain equiva- 
lent even though various mathematical operations are performed. Exam- 
ples of such operations are 


1. Carrying out the operation indicated in the equation. 


= 2(4) Carry out the multiplication indicated. 


x= 8 
2. Substituting a number or symbol or quantity for its equivalent. 
(a) a+b=c 


If a = 2 and b = —7, then it is possible to substitute 2 for a and 
—7 for b, giving 


2) =¢ 
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(b) b= a(x + y— 27) and x+y—z7=m 


m can be substituted for its equivalent expression in the first equa- 
tion, giving ; 


b=am 


. Changing the value of one side of the equation while making an 


identical change on the other side. It is essential to make the same 
change on both sides: otherwise, the two sides will cease to be 
equivalent. 

(a) x—-2=8 

Add 2 to both sides: 


x—-24+2=8+42 
x =.10 


(b) (x — 2)? = 8? 


Square both sides of the equation. It is essential that the entire left 
side of the equation be squared, not just the x or the 2. 


x?—4x4+4= 64 


2.2. RULES OF MATHEMATICS 


Some of the fundamental rules of mathematical operations are given next 
in symbols and in words. 


a+b=b+a Addition may be performed in any order to give 
the same sum. 

a—a=0Q The sum of any number and its negative is zero: 
or, if any number is subtracted from itself, the 
result is 0. 

a+Q=a Addition of 0 to any number leaves the number 
unchanged. 

ab = ba Multiplication may be performed in any order 


to give the same product. 
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ai == 0 The product of any number times 0 is 0. 
ala Multiplication by 1 leaves a number 
unchanged. 


a 1 

= SS l70lod (*) =I! Any number (except 0) divided by itself gives a 
quotient of 1, or the product of a number and 

its reciprocal is 1. 


Many useful rules of mathematical operations are not considered fun- 
damental because they are derived from those just given. However, these 
rules too are the basis of work with mathematics (including simple 
arithmetic). Some of the widely used procedures are summarized and 
examples given in Section 10.1. 


2.3. POSITIVE AND NEGATIVE NUMBERS 


In algebra, quantities may be either positive or negative. Addition and 
subtraction that involve negative numbers are often called algebraic 
addition and algebraic subtraction. In an equation expressed with letters, 
a letter might stand for either a positive or a negative quantity. This is 
quite aside from the plus or minus signs used to show addition and 
subtraction. 

The use of combinations of positive and negative numbers is very 
common in science, where the opposite signs can be used to show 
various types of opposites. For instance, motion forward could be con- 
sidered positive and motion backward negative. Then, moving five steps 
forward and three back would be represented as a total of +5 — 3, 
which ends up totaling +2, or two steps forward from the starting point. 
“Forward” and “backward” may be purely arbitrary (perhaps 
“forward” is north and “backward” is south, for instance). 

There are a number of situations in science where plus and minus 
signs are used to designate two opposite effects such that one reverses 
the other. Again the decision about which is to be called positive and 
which negative is arbitrary; a definition must be agreed upon so that 
everyone will use the same convention for the same meaning. For 
example, it has been accepted by scientists that heat added to a system 
will be written as positive; heat given off by a system is then written as 
negative. One of two opposite types of electric charge is called positive, 
and the opposing charge is called negative. 

Let us review the rules for algebraic operations with negative 
numbers, using the concept of movement in opposite directions to form a 
mental picture of the results. 
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2.3.A. Algebraic Addition 


Any two numbers may be added algebraically no matter whether they 
are positive or negative. We can draw a number line as in Figure 2.1, 
marking 0 in the middle and positive numbers to the right. Addition can 
then be shown by a series of movements along the line. To add a positive 
2, move two spaces to the right; to add a negative 5, move five spaces to 
the left. These movements may be performed in any order. 


EXAMPLE 1 


Add the numbers +2, —8, and +5. Starting at 0, try moving two places 
to the right, eight left, and five right. Do it in some other sequence, such 
as eight left, two right, and five right. You should always end up in the 
place, — 1. 


+2+(-8)+5=2-84+5=-1 F | 


A common calculation involving positive and negative charges in 
chemistry is the calculation of the charge on an ion. An ion is defined as 
a charged particle. It may be monatomic (“one atom,” with the nucleus 
of a single atom) or polyatomic (“many atom,” with the nuclei of several 
atoms joined by chemical bonds), but the number of electrons in an ion 
is not equal to the number of protons present. Protons and electrons 
have charges that are equal and opposite. By definition, the charge on 
the proton is called +1 and the charge on the electron is called —{. 
Therefore, there must be a net charge on an ion because the number of 
protons (positive charges) does not equal the number of electrons 
(negative charges). 


EXAMPLE 2 


What ts the net charge on the sodium ion, which has 11 protons, each 
with a charge of +1, and 10 electrons, each with a charge of — 1? 


Total positive charge: 11(+1) = 411 


Total negative charge: 10(—1) = — 10 
Sum +1 & 


FIGURE 2.1 


2.3. POSITIVE AND NEGATIVE NUMBERS 29 


2.3.B. Algebraic Subtraction 


Subtraction is the process of finding the difference between two numbers. 
On the number line, that means finding how far apart the two numbers 
lie. Whenever you are asked to calculate the amount of change in some- 
thing, the operation required is subtraction. 

Changes are always calculated by the pattern 


change = final position — initial position 


For example, if the temperature was 15°C in the daytime and — 12°C 
at night, you would calculate the drop in temperature by subtracting the 
first temperature from the second one. 


—12°C —(4 15°C) = -27°C 


The minus sign shows that the temperature went down. It had to change 
by 15°C to get down to zero, then another 12°C to get down to — 12°C, 
for a total of 27°C downward. One way to think of this is to draw a 
picture of a ladder or a staircase. How many steps must you go up or 
down? 


To subtract a number, change the sign of the number and add. 


4S of sa) SUES Eek 
{5 =(F39) 45-32 


Fe ay | Pe ee) 


Verify these answers by referring to the number line, Figure 2.1. 

To find the difference between +5 and —3, locate these two points on 
the line and count the spaces between them. There are eight places: 3 
from —3 to 0 and 5 more from 0 to +5. Therefore, the rule for the 
operation of subtraction must be one that gives a result of 8. Now con- 
sider the difference between +5 and +3. Locate these two points on the 
number line and count the places between them. Here the difference is 2. 
Similarly, the difference between — 5 and —3 is two places. 


2.3.C. Multiplication and Division of Positive and 
Negative Numbers 


Multiplying or dividing two numbers with like signs produces a positive 
number. If the signs are opposite, the result is negative. In other words, 


The product or quotient of two positive numbers is positive. 
The product or quotient of two negative numbers is positive. 
The product or quotient of a positive number and a negative number is negative. 
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Think of a minus sign as telling you to turn around and face the 
opposite way. Multiplication (or division, which can be considered multi- 
plication by a fraction) by a negative number is taken to mean multiply 
and turn around to face the opposite direction. Multiplication by a 
second negative number tells you to turn around again, so you are back 
to facing the original direction. 


a 








PROBLEMS 
2.1 Add the numbers in each set. 
(a) +3, +9, —5 (b) —6, +1, +4 
(c) —5, +7, —2 (d) —15, —3, —8 
Mele se ik = 2x aX (f) —Sx, +x, +3x 
2.2 Subtract as shown. 
(a) 8 —(+3) *(b) 8 —(-—3) 
(c): 23-1 +8) (d) 3—(-—8) 
(ey; 3 = 6) d) 6 = (5) 
(g) 2x —(—3x) (h) Sa — (+ 2a) 
2.3. Multiply or divide as indicated. 
(a) 2(+8) (b). 2(=8) 
(ce)  10(—2) *(d) (—1(-1) 
(ec) —6 +(43) (f) —3(—5x—4) 
(g) x (=2) (h) —Sx(-—4) 
3 fms Q.2 seed 
(i) 5 (divide 3 by —2) (j) sour 
= 6% —4x 
iki =, (res 


2.4 Find the net charge on each of the following. Each proton has a 
charge of + 1 and each electron has a charge of — 1. 


SSS i 


Name Number of Protons Number of Electrons 
*(a) Chloride ion 17 18 
(b) Sulfide ion 16 18 
(c) Calcium ion 20 18 
(d) Argon 18 i8 
(e) Nitrate ion 31 32 
(f) Ammonium ion If 10 
(g) Phosphate ion 47 50 
(h) Aluminum ion 13 10 
Settee eesti normale ei 
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Ions are chemical particles that have a charge, either positive or nega- 
tive, usually of 1, 2, or 3 units. Compounds made of ions contain equal 
numbers of positive and negative charges, so that the compound has no 
overall charge. That is, the sum of the charges on the positive ions and 
the charges on the negative ions must be 0. If an ion has a charge of +2, 
it must be associated with one 1on having a charge of —2 or two tons 
each having a charge of —1. If the charges are not even multiples of each 
other, several ions of one kind must be associated with more than one 
of the other kind, so that the sum of the charges is still zero. This 1s 
necessary since you cannot have a fraction of an atom. By convention, 
the smallest numbers that will give a sum of zero are used. 


PROBLEMS 


2.5 For each of the following, the charge is shown as a superscript. The 
sign is indicated, and the size of the charge is shown if it is not I. 
Tell how many ions of each kind must be combined to make a 
compound with a net charge of zero. 
(a) Ca?* andCl~ (The number 1 is not shown.) 
(b) Na* and S?~ 
(oc) “AP and) 
(d) Mg?* and O?- 


2.6 Find the numbers of each kind of atom that will give a compound 
with an overall 0 charge. 
*(a) Cr°* and O?> (b) As** and S?~ 
(c) Mg2* and N?-— (d)_- ~P5* and O?- 
(e) Al>* and 07> 


2.7 Heat added to a system is considered to be a positive quantity. The 
loss of heat by the system (cooling) is then negative. Calculate the 
net heat change in each. 

*(a) A beaker of water is heated by a flame long enough to add 
500 J. Then the flame is removed and the beaker of water 
cools, losing 200 J. What is the total heat change? 

(b) A piece of metal is cooled, losing 375 J. Then it is allowed to 
warm up, gaining 132 J. What is the total energy change? 


2.4. INVERSE OPERATIONS 


It is often useful to negate the effect of a mathematical operation. This is 
done by performing the inverse of the operation. For example, if you 
earn $25 (take-home pay) and then pay a biil for $25, the amount of 


32 REVIEW OF MATHEMATICAL PROCEDURES 


money you have at the end is the same as the amount with which you 
started. You had a $25 income and a $25 outgo. One of these changes 
negates the effect of the other. If one, say income, is considered to be 
positive, then the other is the opposite, or negative. 


$25 — $25 = 0 


In general terms, the additive inverse of any number a is —a, read 
“the negative of a.” 


a+(—a)=a-—a=0 


This is true whether a is positive or negative, since the negative of a 
negative is a positive. 


—a—(-a)= —-a+a=0 





PROBLEM 


2.8 What is the additive inverse of each of the following expressions; 
that is, what must be added to each to make the sum zero? 
(a) 2 (b) 79 *(c) —20 (d) 3x (e) 27-13 
*(f) x+y (Hint: If the number a = (x + y), what is —a?] 
(gh x2 (h) x=Ty fh x? 





The inverse operation of multiplication is division, and the inverse of 
division is multiplication. For either, the operation consists of multiplica- 
tion by the reciprocal or multiplicative inverse. This is a number whose 
product with the original number is 1, 


() 

i 

a 

where a and 1/a are reciprocals of each other. 

Why are we working in terms of 0 for addition and of 1 for multipli- 
cation? Think about the effect of using each. Addition of 0 leaves a 
number unchanged. Therefore, addition of two numbers (a number and 
its negative) that have a sum of 0 leaves the original unchanged. In 
multiplication, however, multiplication by 0 gives 0, not the original 
number. To leave a number unchanged, we must multiply by | rather 


than by 0. Therefore, multiplication by two numbers whose product is | 
leaves a quantity unchanged. 


x(a +] =X since o(*) =1 and x(l)=x es 
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PROBLEM 


2.9 What is the multiplicative inverse of each? 
(a) m *(b) 4 ic)i- 25 (d) 3x7 (e) 100 
()} 0.01 (Hint: What can be multiplied by 0.01 to give 1 as the 
product?] 
(g) 0.5 


To find the inverse of a fraction, simply invert the fraction (turn it 
upside down): 


the inverse of iS 2 since 2 x = ]} 
cS) 5 ae ae 


In effect, we can consider the fraction to be a product: 


Ww | — 


The inverse of 2 is 1/2. The inverse of 1/3 is 3. The inverse of the whole 
product is the product of the two reciprocals, 3/2. 


PROBLEM 


2.10 What is the reciprocal of each? 


2 9 > 
(a) ; (b) 3 (c) 7 (d) 
3x 25 
(e) “2 (f) >y (g) eae 


2.5. FRACTIONS 


Quantities expressed as fractions are very common in scientific work. 
The fraction is used to indicate division or to indicate a ratio of one 
quantity to another. Since such situations are frequently encountered, it 
is important to be able to handle fractions confidently. 

A fraction consists of a numerator, the number above the line, and a 
denominator, the number below the line. It indicates multiplication by the 
numerator and division by the denominator. The fraction 5/9, then, indi- 
cates that something is to be multiplied by 5 and divided by 9. These two 
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operations can, of course, be done in any order; that is, the division by 9 
could be carried out before the multiplication by 5 if that is more conve- 
nient. 


5(36 


36 
9 or ry (5) = 20 


5 
= x 36 = 
Go 


If you recognize that 36/9 = 4, the second sequence is the simpler one, 
since the calculations can be done rapidly in your head in two steps: 
36/9 = 4, 4(5) = 20. The alternative sequence, multiplication by 5 and 
then division by 9, is more difficult for most people. 

A fraction can have a numerator or a denominator of 1. The fraction 
1/2 can be taken to show simply division by 2, since multiplication by | 
does not change anything. In general, division by any number a can be 
written as multiplication by the fraction 1!/a. A whole number can be 
considered to be a fraction with the denominator 1; division by 1 does 
not change the number. 

A fraction can never have a denominator of 0, since division by 0 is 
undefined. Any general statement involving fractions should indicate 
that the statement is true only if the denominator is not 0. However, 
since this condition is always necessary, it is usually not expressed but is 
taken to be understood by the reader. 

In your early study of arithmetic you probably learned that a fraction 
like 9/5, in which the numerator is greater than the denominator, is 
called an improper fraction and should be converted to a mixed fraction: 
9/S = 1(4/S). In scientific work it is far more convenient to jeave it as an 
improper fraction or to convert it to decimal form by dividing the 
numerator by the denominator: 9/5 = 1.8. 


ere DO ee ee ene ae eC TE ee eT RS 7 ee 
PROBLEMS 


2.11 Express in words the instructions conveyed by each of the follow- 
ing fractions used to multiply some quantity x. 


2 4 a P a3 
(a) 3 (b) i (c) 10 

10 | % 
(d) ey (e) - (f) 5 





2.5.A. Multiplication of Fractions 


Fractions are multiplied by multiplying the numerators to produce the 
new numerator and multiplying the denominators to produce the new 
denominator. 
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ano Sab 
— x< - => 
m oon omn 
lL. 3 106) 
— OK -= -_ 
2 4 = 2(4) 
3 set 
= (Look at this on a ruler and verify that half of 3/4 in. is 
indeed 3/8 in.) 
PROBLEM 


2.12 Multiply the fractions shown. Simplify where appropriate. 








l . 
(g) -(2) (h) (5) 

x x 
fi) 60. x =", ii) gx 


wis 








2.5.B. Division with Fractions 


One convenient way to show division by a quantity a is to indicate 
multiplication by the fraction 1/a. That is, the divisor becomes the 
denominator of the fraction. We recognize such operations in speech 
when we say “divide in half” and mean divide by 2. Once this notation is 
used, the calculation is simply multiplication by a fraction. For example, 
2/10 divided by 3 is expressed as 2/10 times 1/3: 


To divide a/b by c, write 
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It is sometimes possible to simplify even before the fractions are 
multiplied, since multiplication can be done in any order. 


PROBLEM 


2.13 Divide each of the fractions by the quantity shown. 


*(a) 572 (b) 7072 
3 3 
(c) Te (d) gee 
*(e) “+x () ~+y 
y y 
2x a 
(g) —+2y (h) cents ay) 
y b 
(i) Lee ea 
a 





The same procedure is followed for division by a fraction, but it may 
look a bit different. Again division is accomplished by multiplying by a 
fraction that has the divisor as denominator. This amounts to multi- 
plying by the inverse of the divisor. To divide by a fraction, invert the 
fraction, and multiply. 

The invert-and-multiply rule is a short way of describing a procedure 
for removing the fraction from the denominator. “Removing the 
fraction” means converting the denominator to 1. This can be accom- 
plished by multiplying the denominator by its inverse. However, if the 
denominator is multiplied, the numerator must be multiplied by the 
same thing to keep the value unchanged. Therefore, as the denominator 
is converted to a value of 1, the numerator must be multiplied by the 
inverse of the original denominator. 


EXAMPLE 3 


Divide 5 by 2/3. 
Following the invert-and-multiply procedure, we obtain 
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Alternatively, we could write 


Multiply both numerator and denominator by the multiplicative inverse 
of the denominator. (In other words, invert the denominator and use this 
to multiply both numerator and denominator.) 


@ EXAMPLE 4 


Divide by as, 
by 





boy x b< x bx ss 
y 
@ EXAMPLE 5 
Divide 4 by I/(x + y). 
1 4 icy 
5 agp ere anes Sy = 
x+y ! ( I ) a = 
xr Y 
@ EXAMPLE 6 
(H*J[A7] 


Divide [H*][OH ] by [HA] 


Each set of square brackets with its enclosed symbol is a single factor. 
(The meaning of the notation is “the concentration of the species shown 
within the brackets.”) In other words, the problem above is essentially 
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ab + (ac/d), where a = [H*], b = [OH ],c =[A_ ], and d = [HA]. 
(H*}J[OH~] [H*][OH ] x [HA] 





5 eee a [H*}[A~] 
[HA] 
_ [OH J[HA] 
seeeeestl Cae 


Notice that the term [H*] appears in both the numerator and denomi- 
nator. When a quantity is divided by itself, the result has the value of 1, 
which need not be written. a 


PROBLEMS 


2.14 Divide as indicated and, where possible, simplify the answer. 


* a ‘oes wee 

(a) 2+ (Bb) 2 10 (c) 10 - 5 
2 _ 2a 8. 

(d) a= (e) Sa+ 3 (f) a mL 
2 

(g) Sere 


2.15 Divide as indicated and simplify the results where possible. 








a) 55 *(b) sa 
(c) ; ~ : (d) ; = : 
he tm Mk sos 
(@) 
2.16 Divide [Ag* ][NO, ] by a 
ae St by [H*J[OH J. 





2.5.C. Canceling 


Fractions can be simplified by dividing both the numerator and the 
denominator by the same quantity. Since this is equivalent to multi- 
plying by a fraction that has a value of 1, it does not change the size of 
the original fraction. 
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A useful notation for this process is canceling, that is, drawing a line 
through the factors that have been used. This helps you keep track of 
what you have done. The process, then, is to identify any factors that 
appear both in the numerator and in the denominator and cancel these 
factors. 








6 se 03 

eo 2 a 
2x3 ae : © 3 since multiplication can be done in any order 
oa 2. eG 
2 3 3 3 since any number divided by itself has a value 
ee ie 4/4 of 1 and multiplication by 1 does not change a 


number 


More commonly, the intermediate steps are not written and the process 
is shown in one of two ways: 


6 7x3_3 
8 2x4 4 
or 
3 
$3 
g° 4 
4 


In the latter method the factor 2 is implied but not written. Only factors 
used in multiplication can be canceled. Terms used in addition or subtrac- 
tion cannot be canceled. 


MM EXAMPLE 7 


Simplify by canceling. 


ne eat. Se 
Wa We 10 

3a? 3a: 3a 
he 6a 108 HO 


6x +4 3x +2 
(c) oe saan =. 3X + 2y B 
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Units such as ft or cm can be treated as if they are factors and can be 
multiplied or divided in the same way. In doing so, ignore any difference 
between singular and plural words; “feet” and “foot” are the same unit. 


EXAMPLE 8 


Perform the operations indicated and simplify. 


(a) 3 ft(2 ft) = 6 ft? 





Sci e 2 x 6 36 cm 
b = = 
(b) 1 cat» 4 eames 
TA | 
(c) és site a S = 7 A-sec B 





PROBLEMS 


2.18 Simplify each fraction that can be simplified. Identify those that 
cannot be simplified by canceling. 











5 viet ne 
(a) 10 (b) os 
6 36x 
(c) - (d) = 
36 ab 
(e) ara (f) 7 
2 2 
*(s)  — oe 
ac ac 
2 2 2 , 
9 ~~ “j) 4 
xyz x 
x x 
k 
(k) nero (I) oer 
an (a + bXx + y) 
x+y 


2.19 Simplify each fraction. Treat the units as factors also. 











6 ft 9 ft? 2cm x 7cm x 5cm 
a oe ale ram 
3 ft 3 ft 10 cm 
47 m? 75 cm? 
d 
(d) 47m ¥ 5.0 cm 


ea A Aaa a 
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2.5.D. Separating a Fraction into Two or More Fractions 


When the numerator of a fraction is a sum or difference of several terms, 
the fraction can be expressed as the sum or difference of the several frac- 
tions, each with the same denominator as the original fraction but with 
one of the several terms as a numerator. 





Further simplification of each resulting fraction is sometimes possible 
and desirable. 


@ EXAMPLE 9 


Separate each into the sum or difference of two fractions and simplify. 





(a) Dee ae kel Bes Pao 
y oe yy 
x+ x ae | 

(bey) ——~ = —4+ = -+- a 
xy xy xy i: 


Note that the entire denominator is used for each fraction (although 
later simplification may occur). Even if the denominator is the sum or 
_ difference of several quantities, the entire denominator must be used. 


PROBLEM 


2.20 Express as the sum or difference of two fractions. Then simplify 
where possible. 











x + 9+x 9-x 
a) —~ — (b (c) 
x 5 
Dg? nr? + r7h 
(d) == 
x r 


2.6. VALUES OF FRACTIONS 


It is useful to think about the size of a quantity expressed as a fraction or 
ratio. You can use this information to help you spot wrong answers 
when you do calculations with fractions. 
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If a number ts multiplied by 1, the value does not change. Similarly, if 
it is multiplied by a fraction having a value of 1, the value of the original 
quantity does not change. Since any number divided by itself gives a 
quotient of 1, a fraction that has the numerator and denominator equiv- 
alent to each other has a value of 1. 


Sei 
ne 
2(2) ; 
——=1 (Note that the numerator and the denominator need 
f not be written in the same manner as long as they are 
(4) equivalent.) 
(6) 
1 foot 
oar wean vee oes 1 foot = 12 inch 
12 inches uae cee oe (These are useful 
as conversion 
ee = since 1000 mL = 1 liter factors. See Chapter 5.) 
iter 


If the numerator of a fraction is greater than the denominator, the 
value of the fraction is greater than !. Multiplication of any number a by 
such a fraction gives a product that is larger than a: 


4 a 
sakaae: eat aS 40 > 20 


If the numerator of a fraction is smaller than the denominator, the 
fraction has a value less than I. Multiplication of a number a BY such a 
fraction gives a product that is smaller than a. 


Z 2 
ae = 
0x7 0 a<! 10 < 20 


One way to remember these rules is that a fraction with a bigger top 
makes the value go up. A fraction with a bigger bottom makes the value 
go down. 


eS aS Se Se Se a See ee, 1 ee eee 
PROBLEM 


2.21 Tell whether the value of each fraction is 1, greater than 1, or less 
than 1}. 
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a) 5 (0) = @ 4 
@ + “0 = 0 < 
De cnuancees oanrene aad ot oma 


2.7. RATIOS 


A ratio is the relationship between two or more quantities. For example, 
ail the houses in one block of a tract had their landscaping done by the 
same company, which planted one tree and four bushes in front of each 
house. On that street there was a ratio of one tree to every four bushes to 
every one house. The word “every” is usually omitted from such state- 
ments and the symbol “:” can be used for “to.” We would then write: 
“The ratio of trees to bushes to houses is | : 4: 1.” Sometimes the ratio 
of two quantities is shown by writing one above the other like a fraction. 
(This is not suitable, of course, for more than two.) Then the ratio of 
trees to bushes is |/4 and the ratio of trees to houses is 1/1, read “one to 
four” and “one to one.” It is essential to make clear which quantity 1s 
which; the first one named always goes on top. This notation makes 
good sense mathematically, since the operation required to find the ratio 
in simplest terms is one of division, and the fraction implies division. 
Furthermore, as with fractions, multiplying and dividing each term of the 
ratio by the same quantity does not change the proportions. 

If our gardener had bought 16 arborvitae bushes for the 8 houses on 
the block, how many arborvitae bushes are there for each house; that is, 
what is the ratio of arborvitae bushes to houses? It is easy to see that 
there are 2 bushes for every 1 house. The mathematical operation 
required is division, which is usually written as a fraction: , 


16 bushes z 2 bushes 
8 houses _1 house 


In this fraction, read “two bushes to every house” or “two bushes per 
house.” 

It is often useful to work with two ratios that are equal. We can say 
that the ratio of a to b is the same as the ratio of c to d, or, in other 
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terms, the proportion of a to b is the same as the proportion of c to d. 
This can be written 


Or 


Both are read “a is to b as c is to d.” For example, the proportion of 8 to 
4 is the same as the proportion of 2 to 1, or the ratio of 8 to 4 is the same 
as the ratio of 2 to 1. When the ratio is written as a fraction, this looks 
like the old procedure of simplifying fractions: 


| EXAMPLE 10 


It is found that a sample of a compound is made up of 10 sodium atoms 
(Na), 5 carbon atoms (C), and 15 oxygen atoms (O). What is the ratio in 
simplest terms (smallest whole numbers) between the numbers of atoms 
of the various kinds? 

The ratio is 10 Na: 5 C: 15 O. Just as with fractions, a ratio may be 
multiplied or divided without changing its value (i.e., the resulting ratio 
will be in the same proportions as the original ratio) as long as the same 
thing is done to every term. Here all the numbers are divisible by 5. 


10 NaiS@s 15 Oe? Nas DOO 


It may help to draw a picture. Group the atoms in such a way that each 
group has the same number of atoms of each type (Figure 2.2). & 


In chemistry this ratio of atoms in a compound would be written 
Na,CO,, where the subscript after a symbol tells the number of atoms 





FIGURE 2.2 
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of that type, the subscript 1 being omitted. The formula then states that 
the compound contains 2 atoms of sodium for every 1 atom of carbon 
for every 3 atoms of oxygen. 


m@ EXAMPLE 11 


In a chemical reaction two molecules of NH, (ammonia) are known to 

react with every molecule of H,SO, (sulfuric acid). If this ratio is always 

true, how many molecules of H,SO, react with 28 molecules of NH ,? 
The proportion of NH, to H,SO, is always 2: 1. 


| molecule H,SO, _ x molecules H,SO, needed 
2 molecules NH, | 28 molecules NH, 


You may be able to see already that x must be 14. The equation can be 
solved for the number of molecules of H,SO, by multiplying both sides 
of the equation by “28 molecules of NH,” (see Chapter 7). 


_ | molecule H,SO, 


molecules H,SO, needed = x 28 molecules NH, 


2 molecules NH, 
= 4 molecules H,SO, 


In the last equation the units work out right. That is, the unit 
“molecules of NH,” appears in both the numerator and the denomina- 
tor and, therefore, cancels out, leaving only the unit we want, “molecules 
of 14,80, ;” = 


PROBLEMS 


2.22 What is the ratio of the first object named to the second? 
(a) 20 children among 8 families 
(b) 400 college students to 22 faculty members 
(c) 50 boys and 40 girls 
(d) 20 nails for 5 shelves 


2.23. Give the ratio of atoms in each compound. Write the ratio as a 

formula. (Use the numbers as subscripts.) 

(a) 20 hydrogen atoms (H) and 10 oxygen atoms (O). 

(b) 20 carbon atoms (C), 60 hydrogen atoms, and 10 oxygen 
atoms (QO). 

(c) 20 sodium atoms (Na), 50 chromium atoms (Cr), 350 oxygen 
atoms (QO). (Express as a ratio of whole numbers.) 

(d) 16iron atoms (Fe) and 24 oxygen atoms (QO). 
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2.8. PROPORTIONS AND EQUATIONS FOR 
PROPORTIONALITY 


The concept of proportionality is one that is very commonly encoun- 
tered in everyday life as well as in scientific work. The cost of fruit is 
proportional to the number of pounds or to the number of pieces of fruit. 
The cost of lumber or cloth or wrapping paper is proportional to the 
length purchased. The cost of a telephone call is proportional to the 
length of time of the call. 

Similar ideas apply in scientific work. The amount of heat given off by 
burning a substance is proportional to the amount of the substance 
burned. The volume of a liquid is proportional to the mass of the liquid. 

Each of these statements can be converted to an equation that can be 
used for calculations. The proportionality sign is replaced by an equals 
sign and a proportionality constant. The proportionality constant tells 
what number must be used to make the equation true. 


If xoy 


then x = ky 


In the everyday examples given, the proportionality constant is the price 
for one item, the dollars per item. 


@ EXAMPLE 12 


Some paper comes in rolls and is sold at a price of 60 cents a foot. 
Express this as a proportion and write an equation for calculating the 
cost of a given length of paper. 


cost oc length 


0.60 
dollars = ee? x number of feet of paper 
foot of paper 


Notice that the actual units must match the units of the proportionality 
constant. If the cost had been given as 60¢, the answer would have been 
in cents, not dollars. If the cost had been given as price per inch, the 
length would have had to be expressed in inches. | 


In scientific work, the numerical value of the proportionality constant 
is determined by experiment, that is, by measuring the sizes of the quan- 
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tities x and y and calculating what value of the constant makes the equa- 
tion true. Some proportionality constants appear in so many equations 
that they are given special names. For example, there is a gas constant 
symbolized by the letter R that appears in many equations describing the 
behavior of molecules. Planck’s constant, symbolized by the letter h, 
appears in equations describing the behavior of electrons and in equa- 
tions describing electromagnetic radiation. 

In the preceding relationship, an increase in one quantity produces a 
proportional increase in the other quantity. This is called direct pro- 
portionality. It is also possible to have inverse proportionality, in which 
an increase in one quantity produces a decrease in the other. 


For example, if you apply pressure to a sample of a gas, the gas can be 
compressed; that is, the gas occupies a proportionally smaller volume. 
This proportionality can be expressed as 


where R is the gas constant, n is the amount of gas, and T is the tem- 
perature. For a given sample of gas at constant temperature, n and T are 
constant; that is, they do no change during the process. 

Various types of proportionality are discussed further in Section 7.4. 


PROBLEM 


2.24 Write each as an equation. 

(a) The cost of beverages for the party ts proportional to the 
number of cans purchased. Each can costs $1.25. 

(b) The amount of heat needed to heat a gram of water is pro- 
portional to the temperature change. You need 4.18 J for 
every degree Celsius the water is heated. 

(c) The amount of heat given off by burning “isooctane” (the 
octane of gasoline) 1s proportional to the mass of gasoline 
burned. 44.7 kJ of heat is given off for every gram of iso- 
octane burned. 
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2.9. PERCENTS 


The term percent means “of every hundred.” The statement “50% of the 
class got scores above 60” means that the ratio of the number of stu- 
dents earning scores above 60 to the number of students in the entire 
class was the same as the ratio of 50 to 100. Expressed as a proportion, 


number of students with scores above 60 2 50 
total number of students in the class 100 


There is no implication that there were actually 100 students in the class. 
Whatever total number was present, the percent tells what fraction of 
that total number falls into the particular category: 


number or quantity having the characteristic x 
ao: total number or quantity present 


Vax x 100% 


The numerator and denominator must be expressed in the same units. 

Fractions can easily be converted into percents. This procedure is so 
common that people tend to use the terms “50%” and “half” inter- 
changeably. There are two ways to think of the procedure for converting 
a fraction into a percent. One is to remember that “the whole thing” is 
100% ; a given fraction of the whole is that fraction of 100%. Then 1/4 is 
1/4 of 100%: 


| 
4 x 100% = 25% 


Notice that the word “of” in the statement becomes multiplication when 
the statement is expressed as an equation. 

The other way to convert a fraction to a percent is to convert the 
fraction to a decimal, by dividing the numerator by the denominator. 
Then move the decimal point two places to the right and add the percent 
sign. This has the effect of multiplying the decimal by 100% so that this 
second procedure is really the same as the first, with the steps performed 
in a different order. 

To express a percent as a decimal or fraction, write the percent as a 
fraction of 100. Thus 6% is 6 out of 100, which can be written 6/100, or 
0.06. You can think of the procedure for converting a percent into its 
decimal equivalent as moving the decimal point two places to the left 
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and dropping the percent sign. Some calculators have a percent key; its 
function is to multiply and move the decimal point two places. 


@ EXAMPLE 13 


A state charges 6% sales tax on purchases. What is the tax on a purchase 
of $15.20? 
Six percent of the price is 6/100 of the total price, or 0.06 times the 


price. 


—. ($15.20) = 0.06($15.20) = $0.91 tax a 


@ EXAMPLE 14 


A 2.00-g sample of a mixture contains 0.420 g of chloride. What is the 
percent chloride in the mixture? 


grams of chloride 
grams of mixture 


0.420 lori 
Ms g 2 oride x 100% 
2.00 g mixture 


= 21.0% Ft 


% chloride = 100% 


@ EXAMPLE 15 


A sample contains 27.3% carbon. How many grams of carbon are 


present in 0.495 g of the sample? 
There are several ways to solve the problem. One way is to express 
the percent as a fraction. The mass of carbon present is this fraction of 


the total mass of the sample. 


7.3 
g carbon = 100 x g sample = 0.273 x g sample 


pp 
= — x 0.495 g = 0.273 x 0.495 g 


= 0.135 g 
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Another method is to substitute the data into the equation for percent, 
as in Example 14 and solve for “g carbon.” (See Chapter 7.) 


rams of carbon 
% carbon = ULE Raita etc x 100% 
grams of sample 


g carbon 


SINS 
0.495 g sample ‘ ? 


27.3% carbon = 
g carbon = 0.135 g 


The problem can also be solved by using ratios. The term 27.3% means 
that the ratio of the mass of carbon to the mass of the entire sample is 
27.3 : 100. This ratio will be true whatever quantity of sample is used. 
Therefore, the problem can be treated as one of equal proportions: 


27.3 g carbon  _x g carbon 
100 gsample 0.495 g sample 


27.3 g carbon 


= 0.495 | iplyi 
x (Oe caninte ( g sample) multiplying both 


sides by “0.495 g 
='0135'2 sample” s 


@ EXAMPLE 16 


Commercial hydrochloric acid is sold as a 37% solution of HCI in water; 
that is, 37% of the mass of the solution is HCl. What mass of solution 
would be needed to obtain 4.8 g of HCI? 


g HCl 
g solution 


4.8 g HCl 
37% HCl = ——=——— x 100% 
g solution 


4.8 g HCI 
37% HCI 


=2¢g & 





% HCl = x 100% 


g solution = x 100% 


2.10. PERCENT ERROR OR PERCENT DEVIATION 


It is often useful to indicate the extent to which an experimentally mea- 
sured value of a quantity differs from the true value, or to indicate how 
much variation there is in a group of experimental measurements. 


2.10. PERCENT ERROR OR PERCENT DEVIATION Si 


If the true value of a quantity is known, it is possible to calculate the 
percent error. The error is defined as the difference between the correct 
value and that measured in an experiment. The absolute value of the 
difference is used; that is, the numerical value is used without any indica- 
tion of whether it is positive or negative. 

|correct value — experimental value | 


% error = -_ x 100% 
correct value 


|error| 
Se LUI 
correct value 


mM EXAMPLE 17 


A student measured the molecular weight of a compound as 184 g/mole. 
The correct molecular weight was 182 g/mole. What was the percent 
error in the experiment? 


|true value — experimental value | 
00 Ns 
true value 


__ | 182 g/mole — 184 g/mole| 
182 g/mole 
_ 2 g/mole 
182 g/mole 
1% 


x 100% 


x 100% 


Notice that the percent error is a positive number, since the absolute 
value of the error was used. eZ 


Often, the correct value of a quantity is not known; the purpose of an 
experiment is to measure the value. Then the average of several experi- 
mental values is taken as the correct value. The difference between this 
average value and each individual measured value is usually called the 
deviation. A percent deviation can be calculated just like the percent 
error. Often, rather than a percent deviation for each individual measure- 
ment, an average of the several deviations is calculated: This is called the 
average deviation. In reporting the results of an experiment, scientists 
report the average deviation, or calculate the percent average deviation 
or a related unit such as “parts per thousand,” in order to give informa- 
tion about the precision of the measurement. 


@ EXAMPLE 18 


The heat produced in a reaction was measured. In three successive runs 
on equal samples, the values obtained were 1.39 J, 1.45 J, and 1.27 J. 
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Calculate the average value for the heat, the average deviation, and the 
percent average deviation. 

The average value is calculated by adding the three experimental 
values and dividing by the number of experiments. 


ioe 
1.45 J 
i227 


4.11 J 
4.11 J 


ates koe J This is the average value. 


To find the deviations, calculate the absolute value of the difference 
between each experimental value and the calculated average. The 
average deviation is the average of these differences. 


st (9|— 0005 
(137 =1451 = 008 J 
si 271 = ies 

0.20 J 


0.20 J 


Wie 0.07 J This is the average deviation. 


To find the percent average deviation, divide by the average value and 
multiply the result by 100%. 


deviat 0.07 J 
x 100% = x 100% = 5% ” 
average value (ond 


There are several other common ways of expressing the error. One is 
to express it as “parts per thousand,” abbreviated ppt, that is, as a frac- 
tion of 1000 instead of as a fraction of 100%. The error in Example 18 
would be, 


0.07 J 
1.37 J 





x 1000 = 50 ppt 


The experimental value can also be reported as the average value plus or 
minus the average deviation, 1.37 + 0.07 J. 
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PROBLEMS 


223 


In a football game, a quarterback threw 20 passes, of which 12 
were completed. What percent of the passes were completed? 


2.26 What is the percent iron in each compound? 

*(a) 3.00 g of compound A contains 2.33 g of iron. 
(b) 2.50 g of compound B contains 1.59 g of iron. 
(c) 0.920 g of compound C contains 0.644 g of iron. 
(d) 5.73 g of compound D contains 2.12 g of iron. 

2.27. What is the percent sulfate in a mixture if 0.597 g of the mixture is 
found to contain 0.213 g of sulfate? 

2.28 A compound contains 46.0% oxygen. How many grams of oxygen 
are present in each of the following samples of the compound? 

(a) 100g (b) 200g *(c) 150g 
(d) 200g (e) 0.592 2 

2.29 A mixture contains 95.0% H,SO, (sulfuric acid). How many 
grams of the mixture are needed to obtain the specified quantities 
of pure H,SO,? 

*(a) 5.602 (b) 100g (c) 0.120 g 

2.30 A student determined that a sample contained 30.2% sulfate. If the 
sample actually contained 31.5% sulfate, what was the percent 
error in the student’s result? 

2.31 A rapid mental calculation performed on a problem gave an 
answer of 120 mL. When the calculation was performed in detail, 
the correct answer was found to be 122 mL. What percent error 
resulted from the rapid calculation? 

2.32 A student attempted to determine the concentration of a solution, 
with no more than 1% average deviation in the results. If the 
results obtained were 0.5923 M, 0.5917 M, and 0.5954 M, what 
was the percent average deviation? Was it less than 1%? 

SOLUTIONS 


TO STARRED PROBLEMS 


2.1(e) 


For quantities like 7x, add the coefficients; if no coefficient is 
shown, the coefficient is 1. Since +7 — 2—1 = +4, 


+7x —2x —x = +4x 


2.2(b) 


2.3(d) 


2.4(a) 


2.6(a) 


2.11(b) 
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To subtract a negative number, change the sign and add. 
§—(—3)=8 +(43)=8 +3=11 
Check this on the number line and verify that there are 11 


places between the +8 and the —3. 


The product of two negative numbers is positive. Therefore, 
(—1X-1)= +1 


{7 protons = 17(+1) = +17 
18 electrons = 18(—1) = —18 
net charge isthesum —1 


The total charge must be 6, the lowest common multiple of the 
charges on the two ions. A charge of +6 requires two Cr?* 
ions, each with a charge of +3. A charge of —6 requires three 
O?~ ions, each with a charge of —2. 


2(+ 3) + 3(—2) = +6-—6=0 


The compound ts therefore Cr,O,. 


Heat added = + 500 J 
Heat lost = —200 J 
Total + 300 J 


—(— 20) = +20. Verify 





—20 + (+20) =0 
—(x + y) = —x — y. Verify 
X+y=—x— p=. 


The inverse of a number a is I|/a. Therefore, the inverse of 4 is 
1/4. To check, 4(1/4) = 1. 


Inverting the fraction 1/x gives x/1, usually written x. Check 
I 
=(x)=1 


The numerator shows multiplication and the denominator 
shows division. Therefore, the fraction a/b shows that x is to be 
multiplied by a and divided by b. 
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(c) Multiplication by 1 does not change a quantity. Therefore, the 
fraction 1/10 can be read simply as division of x by 10. 


2.12(b) To multiply the fraction, multiply the numerators to find the 
new numerator and multiply the denominators to find the new 


denominator. 
x ;) _ x(t) _ x 
BND Je BO) 26 


(d) Consider the whole number 2 as a fraction with a denominator 
1. 


2.1Xa) Express division as multiplication by the reciprocal. 


(e) Express division as multiplication by the reciprocal 


The x in the numerator could have been canceled with the x in 
the denominator before multiplying; two steps are shown here 
to make the procedure clear. 


2.14(a) To divide by a fraction, invert the fraction and multiply. 


2.15(b) To divide by a fraction, invert the fraction and multiply. 
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(ec) The (a + b) is treated as a single term. 


aS 
(ne att) e+) 
+ u2(e" very 
a+b 
27 
(H*)[A ] 
[HA] CH" J[A 7] [A] 


[H*][OH™] [HAJ[H*][OH~]  [HA][OH™] 


2.18(b) The factor 5 is common to both numerator and denominator. 


(g) The factor a is common to both numerator and denominator, 
Rewrite the a? as a(a); the exponent 2 tells you that the a is 
used as a factor two times. 


(j) Since there is an x in every term of the numerator, it can be 
factored out (sce Table 10.1). 


x? + xy #x+y) 


= xX + 
x D y 


2.20(a) Each fraction must have the denominator of the original. 





rad 
«x | x 


2.21(a) A fraction has a value of less than | if the numerator is smaller 
than the denominator. Here the numerator, 2, is smaller than 
the denominator, 4, so the value of the fraction is less than 1. 

(c) A fraction has a value greater than | if the numerator is larger 
than the denominator. For the fraction 2x/x, the actual values 
of the numerator and the denominator will depend on the value 
of x. However, the numerator is twice as great as the denomina- 
tor so that for any value of x (except zero), the numerator will 
be larger than the denominator. Therefore, the value of the frac- 
tion 2x/x will be greater than 1. 
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(i) One liter is 1000 mL. Therefore, the numerator, 100 mL, its 
smaller than the denominator, and the value of the fraction is 
less than 1. 


2.26(a) 


g iron 


% iron = x 100% 


g compound 


2.33 g iron 


Bere ee IU 
3.00 g compound ‘ : ewe 


2.28(c) The problem can be solved by proportions, by using the equa- 
tion for percent, or by fractions. 
By proportions, 


g oxygen _ 46.0 g oxygen 
150 g compound — 100 g compound 


46.0 g oxygen 
100 g compound 


='69.0.¢ 


g oxygen = x 150 g compound - 


By the use of the equation for percent, 


g Oxygen 
150 g compound 
46.0% x 150g 

100% 


46.0% oxygen = x 100% 


g oxygen = = 69.0 g 


By fractions, 
46.0 
46.0% means 100 of the total 
46.0 
g oxygen = 00 x 150 g compound = 69.0 g 
2.21(a) Asin Problem 2.27, the problem can be solved three ways. 


5,60: p H;SO, 
x g mixture 


__ 5.60 g H,SO, 
* 95.0% H»SO, 


95.0% H,SO,4 = x 100% 


x 100% = 5.89 g mixture 
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or 
5.60 g H,SO, 95.0 g H,SO, 
xgmixture 100 g mixture 
5.60 g H,SO, x 100 g mixture 
GY t 
x 95.0 g H,SO, g mixture 
or 


95.0 
95.0% means that Too of the total is H,SO, 


9.50 
2.604 1,507 = Tes g mixture 


5.60 g x 100 


ae B 
g mixture 950 


= 5.89 pg 
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3.1. EXPONENTIAL NOTATION 


In scientific work it is frequently necessary to work with very large or 
very small numbers, such as  602,000,000,000,000,000,000,000 or 
(.0000000008. Such numbers are difficult to write and to read accuratcly. 
Therefore, scientists use a notation that gives the numerical part of the 
answer and, separatcly, shows the position of the decimal point or the 
number of zeros by writing a power of 10. In this notation the numbers 
above become 6.02 x 107° and 8 x 10 '°, respectively. 

To sce how this works, consider the number 500. This can be written 
as 5 x 100. But 100 can be written as 10 x 10 or 107. Therefore, 500 
could be written as 5 x 107. 

To understand the rules for writing numbers in exponential notation 
and for doing calculations with such numbers, it is necessary to be aware 
of the general rules for work with exponential numbers: 


ig y=" To multiply exponentials, 
add the exponents. 


‘: 
tts . Vo divide exponentials, 
- subtract the exponents. 
OY =. «ou r -. . 

(x) =x To raise an exponential to a power, 


multiply the exponent. 
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V6 ae me clk To find the root of an exponential, 
divide the exponent. 
(Ifa=1, %/a=a'!) 
B EXAMPLE 1 


10? (103) = 102*3 = 10° 
(10 x 10X10 x 10 x 10) =(10 x 10 x 10 x 10 x 10) 
100,000 = 100,000 


Adding the exponents adds the number of times the base is used as a 


factor. >| 
@ EXAMPLE 2 
10° 
To! S10 = 210? 
1000 
—— = 100 
10 


We know that any number divided by itself gives a quotient of 1. In 
exponential notation (for any value of x except 0), 


By the rule that things equal to the same thing are equal to each other, 


a 
x" 0 
a 


5 aa 
since —=| and | 
57 


x 


then x9 = | 


Conversely, it is useful to write | as x° for use in calculations. 
Let us use this to see how to write 1/100 in exponential notation. 


! 10° 
—— = —— = 10-2) 19-2 
100 10? m hs 
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Using decimal notation, dividing | by 100 gives 0.01. Therefore, 


I 
— = 0.01 = 10°? 
100 ~ 


1,000,000 = 10° (six zeros) 


100,000 = 10° 
10,000 = 104 
1000 = 10° 
100 = 10? 
10 = 10' (one zero) 
1 = 10° (no zeros) 
Ute (one place after the decimal) 
0.01 = 10-2 
0.001 = 1073 


0.000001 = 10°° (six places after the decimal) 


Two patterns emerge: 


For numbers greater than I, the exponent shows the number of zeros after the 


number. 
For numbers less than 1, the exponent shows the number of decimal places after 
the decimal point up to and including the first digit that is not zero. 


Furthermore, the larger the positive exponent, the larger the number. 
The larger the negative exponent, the smaller the number. 


3.2. WRITING NUMBERS IN EXPONENTIAL 
NOTATION 


A number written in exponential notation has two parts. There is a coef- 
ficient, the numerical part, followed by 10 raised to some power, the 
exponential part. In scientific notation, the numerical part is written with 
one non-zero digit before the decimal point. That is, the number 525 is 
written as 5.25 x 10? rather than as 52.5 x 10! or 0.525 x 10°. This is in 
some ways an arbitrary choice, and, in fact, the other ways are some- 
times convenient for special purposes. 

There are two general approaches to writing numbers in exponential 
form. One method is to rewrite the number as a product of a number 
(the coefficient) and a power of 10. Then convert the power-of-10 factor 
into exponential form. 
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@ EXAMPLE 3 


Write the number 203,000 in exponential form with three significant 
figures. 

Rewrite the number so that it has one digit before the decimal, times 
an exact power of 10. 


203,000 = 2.03 x 100,000 
Then, since 100,000 = 10°, 
203,000 = 2.03 x 100,000 = 2.03 x 105 | 


The other approach is to count the number of places the decimal 
must be moved from its original position. The power of 10 shows how 
many places the decimal was moved. If the decimal is moved to the left, 
effectively making the number smaller, the exponent must be positive, 
effectively bringing the number back up to its original size. If the decimal 
is moved to the right, effectively making the number larger, the exponent 
must be negative, effectively making the number smaller again. 


B EXAMPLE 4 


Use the counting-places procedure to convert 203,000 to exponential 


notation. 
2,0.3,0,0,0 = 2.03 x 10° 


The decimal is moved five places to the left, so the exponent is + 5. C4 


@ EXAMPLE 5 


Write 0.0098 in exponential notation. 
Using the first procedure, we find that 


0.0098 = 9.8 x 0.001 
=98 x 1073 


Using the second procedure, we obtain 


= = 3 
0, 0,0,9,8 = 98 x 10 
Remember that the decimal must go after the 9, to give one place before 
the point. The decimal is moved three places, so the exponent is —3. 
Since moving the decimal made the number larger, the exponent had to 
be negative to bring it down to the original size. & 
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It does not matter which procedure is used for finding the size of the 
exponent; use whichever you find more convenient. Remember that you 
must not change the total size of the number while changing the nota- 
tion. 

A number like 3 x 10°* is bigger than 10°* but smaller than 107°. -- 
Write them out: 


0.001 > 0.0003 > 0.0001 (>means “greater than”) 


The use of exponential notation makes it possible to show the number 
of significant figures unambiguously. 


M@ EXAMPLE 6 


Express each in exponential notation, with three significant figures: 3750, 
0.500. 


3750 = 3.75 x 1000 = 3.75 x 10°. Move the decimal three places 


to the left. 
0.500 = 5.00 x 0.01 = 5.00 x 10°! Move the decimal one place to 
the right. 8 
PROBLEMS 
3.1 Write jn exponential notation. 
(a) 2000 (b) 0.002 
*(c) 345,000 *(d) 0.000345 
(e) 5 billion (5,000,000,000) 
(f) 0.0000075 (g) 27 
(h) 932 (i) 0.002973 
3.2 Write in decimal notation. 
4a) 3.%107> (b) 7.236 1077 
(eS 105" (d) 9.1 x 10° 
*(e) 8.2 x 10° (f) 2.98 x 10? 
(g) 2.98 x 10°? (h) 3.79 x 10! 
3.3. Multiply. Do not use a calculator. 
*(a) 107 (107) *(b) 10? (107 2) 
(c) 10° (107) (d) 10° (107 ’) 


(e) 1075 (107) *() 10° (10~27\10°) 
(g) 10° (10'2\ 107 '6) (h) 1025 (1012) 
(i) x? (x*) (jy x fx") 
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3.4 Divide. Do not use a calculator. 


*(a) 10? = 10° (b) 103 = 10? 
(c) 10° + 1027 (d) 10'S = 10° 
*(e) 107 = 10-'6 () 10! = 10-9 
(eg) 107 '° = 10° (i) aehOP es"? 

(jie en (j) x™ +x" 


3.3. CALCULATIONS WITH NUMBERS IN EXPONENTIAL 
NOTATION 


3.3.A. Multiplication and Division of Numbers in 
Exponential Notation 


Multiplication and division of numbers expressed in exponential nota- 
tion is accomplished by multiplying the coefficients (numerical portions) 
and separately multiplying the exponential parts of the numbers. Where 
no coefficient is shown, a coefficient of 1 is implied. 


B EXAMPLE 7 


Multiply 3.0 x 10° by 1.7 x 10> ?. 
First, separate the coefficients from the exponentials. Group the coeffi- 
cients and separately group the exponentials. Multiply each. 


(3.0 x 10°) x (1.7 x 1072) = (3.0 x 1.7) x (108 x 10-2) 
= 5.1 & 10° & 


@ EXAMPLE 8 


Multiply 5.9 x 10!7 by 4.6 x 107°. 


(5.9 x 10!7) x (4.6 x 10°) = (5.9 x 4.6) x (10'7 x 10-9) 
= 27 x 108 


Here 27 has two digits before the decimal, so the answer is not in the 
proper form. To correct it, write the coefficient 27 in proper exponentia! 
form and multiply by the exponential part. 


27 x 108 = 4, x 10') x 108 = 2.7 x 10° 


Compare this calculation with the same multiplication problem 
written in decimal form: 590,000,000,000,000,000 x 0.0000000046. The 
use of the exponential form helps a great deal to place the decimal cor- 
rectly. & 
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Division is accomplished in the same way as multiplication but by 
dividing the coefficients and dividing the exponentials. 


@ EXAMPLE 9 
Divide 8.4 x 10° * by 2.0 x 107°. 
84x 10-* 84 10°* 
20 210"? 7 20 107% 
=49% 107°? 
= 42x 10* gs 


@ EXAMPLE 10 
Divide 1.8 x 10° by 7.2 x 107. 


is x ie? 1.8 : 10 
TAO Oe 
= 025-410. * 
Write this in proper form. 


0.25 x 107? = (2.5 x 107") x 107? 
= Se 10=* 


When dividing, it is sometimes more convenient to use a procedure 
that corrects the position of the decimal! point before, rather than after, 
the arithmetic 1s done. To accomplish this, start out by rewriting the 
numerator in a form that makes the coefficient larger than that of the 
denominator, but not as much as 10 times as large. Then the coefficient 
of the quotient will come out to be between | and 10. Although this 
requires writing the number of the numerator with more than one digit 
before the decimal, the numbers may be written in any convenient form 
for calculations. 


18x 10° (18 x 107') x 10° 
72% 10' 7.2 x 107 


18 10° 
=) XK 
Ja 1’ 


=25x 10? 
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} EXAMPLE 11 


Divide 10° '* by 2.5 x 10°. 
(0 Poo ne 
25x10" «25 x10 


- 106 x10 25 
"25 < 10° - 


= 40x 10° '° 
For most people it is easier to calculate 10/2.5 than 1/2.5, so moving 


the decimal at the start results in an easier calculation as well as correct 
placement of the decimal in the answer. & 


Several multiplication and division steps can be combined. 


BH EXAMPLE 12 


Solve. 
(2.1 x 1079.8 x 107 35.3 x 109) 
(8.7 x 10° 53.6 x 10°) 


Separating the coefficients from the exponentials, we write 


QI OR x50 1 0r 8s? 


on le ee 


The arithmetic can be done in any sequence of multiplication and divi- 
sion steps. It is probably best for a beginner to multiply all the factors in 
the numerator and, separately, multiply all the factors in the denomina- 
tor, then divide. 


2.1 x 9.8 x 5.3 109 
wee ee | 


Whatever sequence of steps is used, it is essential to divide by both 
factors that appear in the denominator. Pd 


B EXAMPLE 13 
Perform the calculation. 


0.68 x 34.6 
0.082 x 303 
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Although this can be done directly, it is better to rewrite it in expo- 
nential form to make sure of the location of the decimal point. Then the 
numerical calculation can be performed rapidly. 


(6.8 x 10°') x (3.46 x 10') 6.8 x 3.46 107! *! 
(8.2 x 10-2) x (3.03 x 102) 8.2 x 3.03. 10°? *? 


= 0.95 x 10° 
=95x 107! 


@ EXAMPLE 14 


Find the value of K in the equation if [H*]=3.6 x 10°, 
[A-] = 40 x 10°* and [HA] = 6.0 x 1072. 


¢ _fHA) 
[HA] 


[The symbol for a chemical substance enclosed in square brackets indi- 
cates that the concentration of the substance is to be used as the factor. 
Unless otherwise indicated, the unit of concentration is the molarity, M 
(see Section 5.3), so [H*] is read “the molarity of hydrogen ion.” ] 

First, substitute the numerical values for their symbols in the equa- 
tion. Then, perform the calculation. 


(3.6 x 10> °\4.0 x 1073) 
6.0 x 1072 

_ 3.6 (4.0) . 10°" (40=>) 

6.0 10°? 


= 24% 10°? & 
PROBLEMS 7 
3.5 Multiply. 
(a) (2 x 103X4 x 10°) (b) @ x 10°K4 * 107°) 
*(c) (8.0 x 10°\4.0 x 10%) (d) (3.0 x 107X4.0 x 10°°) 
*(e) 37 (2.0 x 10-8) (f) 1.5 (6.0 x 1073) 
(g) 9.0 (5.0 x 1073) (h) (7.5 x 10° °X3.2 x 104) 


(i) (6.2 x 10°546.2 x 1075) 
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3.6 


SH 


3.8 


3.9 


3.10 
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Divide. 
(a) (4 x 10°) = (2 x 103) *(b) (2 x 10°) + (4 x 107) 
(2) (6.0 x 10-5) + (80x 107) — (d)_ (8 x 103) = (4 x 1075) 
(€-) (9.6 x 109)=+(3.2x 10°") *f) 27+ 10-9) — 


(g) 31.4 + (6.02 x 1023) th) 101+ 2 (05 10-7) 
(i) 10° = (5 x 10°) (i) 10°? 4+ (2 x 10°) 
Calculate. 
(a) (5.0 x 1073.0 x 107°) (b) (3.2 x Lory x 10°) 
2.0 x 10° 16% 1077 

(2 x 1076 x 10°) 270 x 2800 
©) x 10-23 x 102) “0.009 x 120 
(o 1900 x 0.04 0 760 x 300 x 450 

3.8 x 5000 1520 x 275 


Substitute each set of values of a, b, and c into the equation 
x = ab/c, and calculate the value of x. 

(a) @=760 x 10 b = 1.20 x 10? €= 2.77 <1 

(b) a=5.0 x 10° ems ee a eee c= 5.0 x 10° 

(cc) a=30x10° b=60 x 107 c= 1.0 x 103 

(d) a=86 x 10° be 19s 10°? c=6.0 x 107° 

(ce) a=47 x 10° b=92 x 10-7 (ar ee) aes 1) 

(). @ ets 10 -* bpeS57? e107 c= 63 x 107° 


Calculate n in the equation 


for each set of values of P, V, R, and T. Write the answer with the 
proper units. 
(a) P= 2.50 x 10? Torr; V = 6.91 x 107! L; 


L. Torr 


R = 6.24 x 10! 
‘ mole K 


T = 3.73 x 10? K 


(b) P=9.6 x 107! atm; V = 7.7 x 1072 L: 


Lat 
R=824 107 SS 72 56e pte 
mole K 


Calculate K for each, given the equations and values shown. 
*(a) K,, =(Ag*J[(Cl ']; [Ag*t] = [Cl] = 1.26 x 10-5 


(b) K,, = [Ag* ][Cl-]; [Ag*] = 1.6 x 107? 
and [Cl] = 1.0 x 1078 
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(c) K,) = (Zn?*][S?~]; [Zn2*] = 1.0 x 107? 
and [(S2~] = 1.2 x 10>?! 


piel fl pee in ' 
(2) Ka= Figs ("1 = LF] = 60 x 10 3 
and [HF] = 1.0 x 107! 
(ec) ee fH* = 10 x 10-5, (F135 -x 10° 


and [HF] = 10~?; compare the result with that of 3.10(d) 


+ P= 
[eke cae [H*] = 1 x 10-6, [HPO3-] = 


6 10° "sand HePO, bar ell?” 


[ Caution: Be careful to substitute correctly. ] 


3.3.B. Powers and Roots in Exponential Notation 


When a number written in exponential notation is to be raised to a 
power, both the coefficient and the exponential must be raised to the 
power. 

(20 107) 2? 107)" 


Raising a number to the third power means using it as a factor three 
times. 


2>=2x2x2=8 
(102)3 = 102 x 102 x 102 = 10°2+2+2) = 108 


This last step can be summarized by the general rule that to raise an 
exponential to a power, multiply the exponents. 


(10)? = 10°*?) = 10° 
Therefore, 
(2 x 107)? = 23 x (107)? = 8 x 10° 
@ EXAMPLE 15 


Calculate the value of (3 x 10°)*: 


(3 x 105)* = 3* x (105)* = 81 x 102° 
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The position of the decimal must be corrected so there is only one non- 
zero digit before the decimal point. 


81 x 1029=8.1 x 10! x 102°=81 x 107! a 
| EXAMPLE 16 


Given the equation K,, = [Cd’*][OH ]’, calculate K,, if [Cd?*] = 
7.5 x 10~° and [OH] = 4.0 x 107°. 
Substitute the values into the equation and multiply. 
K,, = (7.5 x 107 °\4.0 x 1075)? 
= (7.5 x 10° °4.0)? (1075)? 
= (7.5 x 16X107® x 107!) 
= 120 10 


Adjust the position of the decimal. 


120% 10° "= (12 x 1074107 3%) 





Therefore, 
Kolo 7 a 

PROBLEMS 
3.11 (a) (10)6 ib) 41077" 

(eyitio™ jr * (d) (10%)? 

*(e) “(10""*)* i: ey 

(s). Or? thy te 
3.12 (a) (3 x 109)? (oy Gx 07°? 

*(c) (7 x 102)3 (d) (2x 10-4) 


(e) (9 x 107) 


3.13 Substitute the numerical values for a, b, and c into the equations, 
and calculate x and y. 


x = ab? )= — 


fay a= 10% 10° b = 2.0 x 10* c= 2.0 x 10° 
*(b) a= 50x 107? = 20 210 c= 40 x 104 
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(Clyde LU 10 - b= 20 10>? c = 2.0 x 10* 
iq) a=20 * 10° pees ae A C=j|2e10' 2? 


3.14 Find each K,, given the equations and values shown. 
alah Pb ies (eb ie ean 
(ij he 10-* 
(b) Use the same equation as (a) but [Pb?*] = 1.44 x 10°* and 
{I~ ] = 10 7. Compare the results with the answer to (a). 
(c) Ky = (Car iF |°; Ca") = 20% 10° and 
[Fj =13% 10~ 
id) K. = [Ag 1(S* (Ae |= lax 10" and 
[See Oe 10 
(ce) K, = [AP J[OH 9, CAP") =3.7 x 10 and 
LOH f= 10510 7 


The rule for finding a root of an exponential is to divide the exponent, 
exactly the inverse of the multiplication done in raising to a power. 


w/ x4 = 
2/10° = 10°? = 10° 


Because this is the procedure, roots are commonly and conveniently 
written as fractional powers. That is, the square root is the 1/2 power, 
the cube root is the 1/3 power, and so on. 


w/x = xt 


If the original exponent is not an even multiple of the root index, n, the 
root would have a fractional exponent. The square root of 10° is thus 
i, 

To find the root of a number expressed in exponential notation, 
reverse the process of raising to a power. Find the root of the coefficient 
and that of the exponential; the product of the roots is the root of the 
original number. 


3/8 x 10° = 3/8 x 3/109 = 81? x (109) 


=23 19° 


If you are not using a calculator, you can find the root of the expo- 
nential portion only when the exponent is an even multiple of the root. 

If the exponent is not an even multiple of the root, the number must be 
rewritten to make the exponent an even multiple of the root and the coeffi- 
cient a number greater than 1. 
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B@ EXAMPLE 17 


Find the square root of 1.0 x 10°. 


LOex 107 = (10d 1077.10 102)" not 400% 10°)! 
= aK) ee x (107)7/2 
Se 10" 8 
@ EXAMPLE 18 
Find the fifth root of 8.1 x 107 '®. 
To make the exponent an even multiple of 5, you could change it to 
either 107 ' or 107°. 
Bio" 9 8.1 (107 * 6 107%) = O81 x 10° * 
or 
$1 x 10° = BF (10* x 10779) = 81,000 « 107 7° 


Use the one that gives a coefficient greater than 1. 


(Blix 15 2 = (81,000 x 107 2h" 
=96 x 10~4 


The fifth root of 81,000 can be found using logarithms (Chapter 8). Some 
calculators have functions that can be used to find roots. & 





PROBLEM 


3.15 Find the root. 


*(a) 10° (b). 107% (fo) 10" 


*“(d) 10x10? (e) ¥100x 10% f 2/505 
*(g) </0.0016 (h) 2/0.16 (i) 4/52x 10-° 








3.3.C. Addition and Subtraction 


The addition and subtraction of numbers expressed in exponential form 
require that the exponents be the same for the numbers to be added or 
subtracted, 

The procedure in the decimal system is to line up the decimal places 
and add the corresponding columns. 
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4500 
+ 250 
a 
4759 
Remember that each column represents a power of 10. The first place to 
the left of the decimal contains the numbers that multiply the zeroth 
power of 10, the ones. The next column is called the tens column and 
contains the numbers multiplying 10', the hundreds column contains the 
numbers multiplying 107, and so on. In the addition process, numbers in 
the tens column can only be added to numbers in the tens column, never 
to numbers in the ones or hundreds column. It is not correct to say that 
20 + 3 = SO, using the 3 in the tens column instead of the ones column. 
(You already know this but never think about it.) The same rule applies 
when numbers are written as exponentials. Numbers to be added or sub- 
tracted must be in the same column or, in other words, have the same 
power of 10. Only the coefficients are added. The exponential term defines 
the position of the decimal point, which does not change in addition. 


M@ EXAMPLE 19 


Add 2.70 x 10° and 3.3 x 107. 

Before the numbers can be added, they must have the same exponent. 
The problem can be rephrased either with both numbers using !0?, or 
with both using 10°. 


2.70 x 103 = 2.70 x (10! x 102) 
= (2.70 x 10!) x 10? = 27.0 x 102 
(27.0 x 102) + (3.3 x 10?) = 30.3 x 10? = 3.03 x 103 


or 
3.3 x 10? = 3.3 x (107! x 103) 


(6.28107) 2 10F = OS I0C10? 
(0.33 x 10°) + (2.70 x 10°) = 3.03 x 10° z 


M@ EXAMPLE 20 


Subtract 344 x 10°’ from 5.05 x 107°. 
Working in powers of 107’, we can write 


5.05 x 10-5 = 5.05 x (10? x 10°’) The quantities in parentheses 
equal the original 107°. 
= (5.05 x 107) x 10°’ 


= 505 x 10°” 
(505::% 10°’) — (344 x 10°’) = 161 x 107’ 


74 EXPONENTIAL NOTATION 


or, in powers of 10°: 
344% 10° = 344501072 > & 10-7) 
= (344 x 1072) x 1075 = 3.44 x 10°5 
Then 
605 x 107°) G44" x 10> i= 16 x 10° 


For Examples 19 and 20, try writing the problem in decimal notation. 





PROBLEM 


3.16 Add or subtract as indicated. 
W(a) 902 x 102 4 349 «107 
(b) 1.95 x 10* + 6.81 x 10° 
(ce) 19510 *— 6s x 10° 
(d) 1.100 x 10? — 1.000 x 107"! 
(6) 32850010 7:3. 702-10" * 
(f) 4.95 x 10* + 2.01 x 107! 
ig) 24 = 10°? 3.2» 10°? 





3.4. EXPONENTIAL NUMBERS ON A 
CALCULATOR 


If you have a calculator that does not include a function for exponential 
numbers, separate each number in a problem into the coefficients and 
the exponential parts. Use the calculator for the computation involving 
the coefficients. Then do the calculation for the exponential part of the 
problem as needed. Finally, correct the position of the decimal point if 
necessary so there is one digit before the decimal point. 


@ EXAMPLE 21 


Perform the calculation without using a calculator for the exponential 
part. 


3.20 x 10° (3.68 x 10°5) 3.20 x 368 103 x 1075 
ee  —>~ 
1.90 x 10° (9.71 x 10°*) 1.90 x 9.71 10° x 107? 


= 0.638 x 10°° 
6:38 x 10° * x 107" 
= 6.38 x 107’ 
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Be careful to divide by both numbers in the denominator. The calculator 
display reads 0.6383001, but the numbers in the problem have only three 
significant figures, so the answer must be given to three significant 
figures. 

If you have a calculator that is capable of using exponential notation, 
the calculator will show the coefficient, followed by the exponent. If the 
exponent is positive, there will be a space between them. If the exponent 
is negative, there will be a minus sign between the numbers. 


5.12 2810" Apoearsas 5.012) 7 
9.738 x 10°-'2 appearsas 9.738 — 12 
10-3 appearsas 1 — 3(1 x 107%) 


Notice that a coefficient is always shown and the 10 ts not shown. 

Be sure you learn how to enter exponential numbers correctly on your 
calculator. Usually, you must enter the coefficient, press the key (marked 
EE on many calculators, EXP on others) that tells the calculator you are 
using exponential notation, and then enter the exponent. If the number is 
negative, press the + key after entering the coefficient to change the sign 
of the number. If the exponent is negative, press the + key after entering 
the exponent. @ 


@ EXAMPLE 22 


Enter each number on your calculator. 


—5,12 x 10! Press [5] .] (1] (7] Register snows 3.12 7, 
9.738 x 107'? Press [9] [.] [1] (2] [+]. 


10°? You must enter a coefficient; if no coefficient is 
shown, the coefficient | is always implied. 
Therefore rewrite: 


1x 10°? Press {1} [EE] [3] [+]. & 


Even when you can use your calculator, as with any other computa- 
tion you should do an approximate mental calculation to see if the 
answer is reasonable. You should know what sort of answer you ought 
to get, so you can spot the problem if you entered numbers incorrectly 
or if there is some other error in doing the calculation. A calculator 
cannot handle exponents greater than 99. Sometimes it is possible to do 
a calculation in your head, without bothering with the calculator. 
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SOLUTIONS 
TO STARRED PROBLEMS 


3.1(c) 


(d) 


3.2(a) 


(e) 


3.3(a) 


To write 345,000 in exponential notation, 
345,000 = 3.45 x 100,000 = 3.45 x 10° 
since 100,000 has five zeros and is 


10 x 10 x 10 x 10 x 10 or 3,45,0,0,07= 3.45 x 10° 


since the decimal was moved five places to make the number 
smaller, the exponent must make it five places larger. 
To write 0.000345 in exponential notation, write 


0.000345 = 3.45 x 0.0001 = 3.45 x 1074 
Write the coefficient with one digit before the decimal point. 
For the exponential, count the number of places after the 
decimal point, including the first digit. Or write 
= -4 
0,000 3,4 5 = 3.45 x 10 


To get one digit before the decimal, the point was moved four 
places, making the number larger. The exponent must make it 
smaller again by four places. 


The digit 3 must be in the fifth place after the decimal: 
0.00003 

Since 10° = 1, 

8.2 x 10° =8.2 % 1 = 82 
To multiply, add the exponents. 

10* (107). = 107+? = 104 
Adding the exponents, we find that 

10* (10-*) = 107"? = 10° = 1 


Add all the exponents. 
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3.4(a) 


(e) 


3.5(c) 


3.6(b) 


10° (10° 27K10°) = 10°-27+6 = 10~ 2 


To divide, subtract the exponents. 


Subtracting a negative number requires changing the sign and 
adding. 


10’ 


10-16 SOT thee 10 = 10S 


Multiply the coefficients and multiply the exponentials. 
(8.0 x 1034.0 x 10°) = (8.0 x 4.0X10° x 10°) = 32 x 10! 


To adjust the position of the decimal, rewrite 32 as 3.2 x 10. 
Then 


32 K10'? = 3.2 x 10* % 10" +32 = 10"° 
The problem can be handled in one of two ways. 
37%. 20% 1078 (37.620) we 2S a 10 
Then correct the decimal. 
1A Or" SIA ROL ROS Seo io* 


The other method is to start by writing all numbers in exponen- 
tial form; then group and multiply: 
37 = 3.7 x 10' 
37 20% 10° *) = (37 x 10")20 « 10°") 
=(3.0 * 210 x 10°) 
aa ie og | | 


Divide the coefficients and divide the exponentials. 


10° 
10°* 


eer 


——_—_—— = AS 19°~'-% = Q. 10° 
4x10-° co 





2 
=~ x 
4 


78 


(f) 


3.7(a) 


EXPONENTIAL NOTATION 
Then correct the position of the decimal. 
OS 10 => < 10 = 10 25 


An alternative procedure would be to correct the position of the 
decimal first by making the coefficient in the numerator larger 
than the coefficient in the denominator. To do this, convert 2 
into 20 x 107 (. 


2x 10° 107* x 10° 
x e _ 20 x 0 eS 0 eR eigt 
4 sc 40 AAO" S 


Consider 27 as 27 x 1, which is 27 x 10°, or else write 27 in 
exponential form, 2.7 x 10. 


27 27 10° 
Seo (ee 


Or 
ZI S10 27 10! 
1S [ge ea eel 


OF «10 = 3 x10"? x 10" Sse? 


Consider 10°'* as 1 x 10° '* or, for simpler calculation, as 
10x 10° *. 


ix i197> 
ee Ss -6 
Yee 0.4 x 10 4x 10 
or 
10 «x 1o7 
halts ee, ~6 
25x 10°? = 


Group the coefficients and group the exponentials. 


GOV30) 10" x 10-*". 15 “10-4 


15 IGS a 





Rewrite the problem with the numbers in exponential form. 
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3.10) 


3.11(b) 


2710e 2800) ROH 107 ed Bic 10s 
0.009 x 120 9x 1073 x 1.2 x 10? 


Now group the coefficients and group the exponentials. Then 
do the calculation; if you simplify by canceling, you can save 4 
considerable amount of arithmetic. In fact, you might wish to 
write 270 as 27 x 10' and cancel the 27 with the 9 leaving 3. 
Sometimes, as in Problem 3.7(f), it is more convenient to cancel 
before writing the numbers as exponentials. The aim is to get 
the right answer. Use whichever procedure looks most conve- 
nient. 


27X28 210 eG: 
——— x ————. = 07 x 10° = 7 x 10° 

64 (52 10 tater : 

The following cancellations were possible for the arithmetic. 
Portions of the fraction will be shown to make clear which 
parts are being canceled. 





27 
rd 0.3 dividing numerator and denominator by 9 
2b 228: ee 
tan tee dividing by 4 
Ve gt aa 07 recombining the parts and dividing 
3 numerator and denominator by 3 


First substitute the values given into the equation. 


K,,=(Ag*}[CI-} ands [Ag*] = [Cl] = 1.26 x 1075 
K,, = (1.26 x 10° 5\(1.26 x 10>) 


Now group the coefficients and group the exponentials, and cal- 
culate the product. 


K,, = (1.26 x 1.26)(10°° x 10°) 
= 1.59 x 107! 


To raise an exponential to a power, multiply the exponents. 


(10°-) = 10 2*5 wi 107 '2 


80 


(e) 


3.12(c) 


3.13(b) 


3.14(a) 


EXPONENTIAL NOTATION 


Remember that the product of a negative number and a positive 
number is negative. 
The exponents are multiplied, even if one of them is a fraction. 


(10!/2)4 = 1094/2 = 102 


Both the coefficient and the exponential parts must be raised to 
the specific power. 


(7x 107)? = 7° « (107)? 
= 343 x 10° 
Correct the position of the decimal. 
343 x 10° =(3,43 x 107) «x 10° 


4310. 


Substitute the values of a and b into the expression for x, and 
perform the multiplication. 


X= ah? = 5.0 «1077120 % 10°77 
= 5.0 (2.0)? x 107? (103)? 
= §.0:(40) x 10°*** 
= 20 x 10* 
Adjust the position of the decimal point. 


x = 20 x 10* = 2.0 x 10 x 10* = 2.0 x 105 


Similarly, for y, 


y — ab? _ 5.0 x 107? (20 x 10°) 
ness ee 
Cc 








(4.0 x 104)? 
5:0(2.0)* z 10"? 10°)” S480)! 105247 
— ESS ee Cae x 
(4.0)? (104)? 16 108 


225410" 225% 10" 
Since there is one digit before the decimal, no adjustment is 
necessary. 


Substitute the values given into the equation; then do the calcu- 
lation. 
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3.15(a) 


(d) 


(g) 


Kee be is 
[Pb? "J =10« 107 and i) babel ca (eect aa 
Kio 10% (10-12 10k) * 
= (LOKI0: *\1.2)7 (10 “)% Both the 1.2: and the 10° 
must be squared. 
=14x% 10 * x 10° 
=14x 1078 


To find the root of a number expressed in exponential notation, 
divide the exponent. 


2/10° = (10°)? = 109? = +10? 


Since either a positive or a negative number raised to an even 
power gives a positive number, the root could be either positive 
or negative. 

Here the exponent, 9, is not evenly divisible by the index, 2. 
Therefore, the number must be rewritten with an exponent that 
is evenly divisible by 2. It would be possible to write either 


7/10 x 10° = 2/10 x 10° or Jol 210": 


The first of these is used for two reasons: (1) the root will have 
the decimal in the right place, and (2) if you are looking up the 
square root in a table, you will find 10 (but not 0.1) listed. 


2/10 x 108 = 2/10 x 2/10° This can be done for 


multiplication but nor 
= +3.2 x 10* for addition. 


Rewrite the number in exponential form, being careful to use an 
exponent that is evenly divisible by the index, 4. This will, of 
course, require that you ignore the usual role of one digit before 
the decimal. 


4/0.0016 = 3/16 x 10° 4 rather than PUGS Ag=* 


To take the fourth root of 16, you can take the square root, and 
then take the square root of that square root. 


(16)'/4 = (16'/2)!/2 — 4.9"? = 20 


Since either a positive or a negative number would give a posi- 
tive number when raised to an even power, there is no way of 


82 


3.16(a) 


EXPONENTIAL NOTATION 


knowing whether the root should be positive or negative. 
Therefore, 


3/16 x 10°4 = +2.0 x 10° ' = +0.20 


Before the numbers can be added, the exponents must be the 
same. 


3.79 «10? 21379 3 (0° 


S02 10S 502 a 10° 
+ 0.379 x 10° = 0.38 x 10° 
5.399 x 10° = 540 10° 


Since one of the numbers has its last digit in the second place 
after the decimal, the last digit in the answer must be in the 
second place after the decimal. 

Alternatively, 


S27 Als S02? 
50.2 x 107 + 3.79 x 10? = 54.0 x 10? = 5.40 x 10° 





RAPID MENTAL 
CALCULATIONS 


The importance of looking at your answer to a problem to see if it 
makes sense has been stressed repeatedly. This chapter discusses ways to 
(1) make a quick evaluation; (2) perform a rapid approximate calcu- 
lation, so you can determine if the size of the answer is about right; and 
(3) simplify the arithmetic in a calculation, so you can obtain a reason- 
ably correct answer rapidly. 


4.1. EVALUATING ANSWERS 


Whenever you perform a calculation, you should check the answer to be 
sure it is reasonable. 


in) 


Is the answer physically possible? For example, a substance cannot 
have a negative weight or length. After a substance is heated, its 
icmperature must be higher, not lower, than at the start. 

Is the answer mathematically possible? If you have multiplicd by a 
fraction, make sure that the size of the answer is appropriate — that 
is, larger than the original number if the fraction was greater than 
1, smaller if the fraction was less than 1 (see Section 2.6). Perform 
an approximate calculation to make sure you have not made a 
gross mathematical crror. 

Arc the units of the answer appropriate? Consider the units as if 
they were factors, and multiply or divide. If you are trying to calcu- 
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late the volume of a substance and you get an answer with units of 
1/g?, the setup for the problem must have been wrong. 


4. Is the answer the one called for in the problem? Be sure you have 
not left the calculation incomplete or calculated the wrong quan- 
tity. 


PROBLEMS 


4.1 Tell whether each answer is possible, and tell why or why not. 

(a) A sample of 200 g of water at a temperature of 100°C was 
added to a flask containing 100 g of water at a temperature of 
50°C. The temperature of the mixture was calculated to be 
120°C, 

(b) The calculation in part (a) was repeated. This time the answer 
was found to be 25°C. 


4.2 Tell whether each of the reported results is possible and tell why or 
why not. 
(a) A compound of iron and sulfur was prepared, using 3.6 g of 
iron and 2.4 g of sulfur. The product weighed 7.5 g. 
(b) A mixture of 3.6 g of iron and 3.6 g of sulfur was heated. The 
resulting compound of iron and sulfur weighed 5.6 g. 
*(c) A piece of magnesium weighing 1.20 g was heated in air, and 
the magnesium oxide formed weighed 0.20 g. 


4.3 Tell whether the result of each calculation is possible, and tell why 
or why not. 
*(a) A student calculated the mass of a substance by multiplying 
the volume, 37.9 cm?, by the density, 4.2 g/cm?. 
(b) A student calculated the volume of a liquid by multiplying 
the mass, 10.2 g, by the density, 0.80 g/cm?. 
(c) A student converting 20.7 ounces to pounds multiplied by 16, 
getting an answer of 331 Ib. 
(d) A student calculated that 25.00 mL of a solution of acetic 
acid in water contained 765 g of acetic acid. 





4.2. APPROXIMATE CALCULATIONS 


It is often useful to do an approximate calculation. This can be helpful in 
evaluating an answer, since it gives you a quick idea of the general size of 
the answer. If you find that an answer should be about 200 and your 
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calculator reads 0.8, you know that your calculation was wrong in some 
way. 

Sometimes you don’t need an exact answer. You might want to know 
whether the three items you wish to buy would cost more money than 
you have available. If the total price of the items would be around $50 
and you have $30, you do not need to know the exact total to know that 
you cannot afford them. If you are performing an experiment in the 
laboratory that requires approximately 200 mL of solution and there is 
only 100 mL of solution available, you do not need to know whether you 
need exactly 180 mL or exactly 230 mL to know that a refill is needed. 

For any rapid mental calculation, whether for an approximate answer 
or for an exact answer, the trick is to convert the problem to a series of 
operations that can be carried out easily. 

The two general methods of simplifying problems are (1) round 
numbers off to ones that are easy to use; (2) cancel numbers that are 
approximately equal to each other, if one appears in the numerator and 
one in the denominator of a fraction. (See Section 2.3.C.) 


@ EXAMPLE 1 


What is the approximate price of three items that cost $7.98 each? 
Round off the price to $8. Then 3 x $8 = $24. The actual price is less 
than that used in the calculation. Therefore, the actual total is less than 


$24. 8 


@ EXAMPLE 2 


What is the approximate cost of a basket of groceries, if you are buying 
four items that cost $1.99, two that cost 49¢, six that cost 39¢, and one 
that costs 89¢? 

The easiest way to do such a calculation is to round everything off to 
whole dollars. Count as $1 any two items costing about half a dollar or 
any three items costing approximately 33¢. 


4@$1.99=4x$2 =$8 


2@ 0.49 = $1 
6@ 0.39 = 2 (30.39) = $2 
1@ 0.89 = $1 
Approximate total $12 (actual total $12.17) ge 
@ EXAMPLE 3 


How much solution should you mix to do measurements on eight 
samples if each requires 210 mL? You will make up somewhat more 
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than the minimum required in case of waste, spills, and so forth. There- 
fore, you do not need to know the precise amount needed but must be 
sure you are making enough. 

Rounding off, approximately 200 mL per sample is needed. 


8 samples x 200 mL/sample = 1600 mL 


The number used in calculation, 200, was less than the amount actually 
needed, 210, so the amount calculated is too small. The error is approx- 
imately 5%: 


10 mL error sa Bee 
210 mL needed ap aap 
An additional 100 mL will more than make up for the 5% error and, 
allowing 100 mL more for waste, you should make up at least 1800 mL 
of solution. (In practice, you might well decide to make 2000 mL and 
have plenty.) 

An alternative calculation might allow for waste on each sample and 

calculate that approximately 250 mL (to get a convenient number) 
should be prepared for each. 


2 = 2000 mL 





1 
8 samples x 250 mL/sample = 8 x 


This clearly is a little greater allowance for waste than in the first calcu- 
lation, but it leads to approximately the same result. B 


In some problems you could round off to either a smaller or a larger 
number. Therefore, it is possible to minimize errors caused by rounding 
off. When two numbers are to be multiplied, if one is rounded down to a 
smaller number, try to round the other up to a larger number. 





PROBLEMS 


4.4 Calculate the approximate cost for each. 
(a) Four items @ $9.95 (b) Eight cans @ $0.89 
(c) Five items @ $2.50 
(d) One package costing $1.98, three that each cost $0.45, and five 
that each cost $0.53 


4.5 Calculate the approximate amount of material you need for each. 
Although you do not want to waste chemicals, you want to have a 
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little extra available in case it is needed. 

(a) You need enough solution to use for four samples, each 
requiring 40-50 mL, and three samples, each requiring 25-40 
mis 

(b) You obtain enough of a solid unknown to run a minimum of 
three samples. You may have to run up to three more, if results 
on the first three are not satisfactory. Each sample requires 
about 0.9 g. 


There are some combinations of numbers that have approximately 
equal values and can therefore be canceled in an approximate calcu- 
lation. For example, 9 x 11 is very close to 10 x 10. Notice that where 9 
is 1 less than 10, 11 is 1 more than 10. Similarly, 8 x 12 is also close to 
10 x 10 and, of course, to 9 x 11. 


@ EXAMPLE 4 


Find the approximate answer. 
8 x 6 x 93 
(7)? 
Since 8 x 61s close to 7 x 7, they can be canceled. 
8x x 93 i) a 
pe eh 


@ EXAMPLE 5 


Multiply 2.7 x 38. 
The usual way to round off would make both numbers larger and the 
resulting answer too large. 


Zt x 38 a 3 x 40 = 120 


Rounding 2.7 all the way down to 2 would be such a large percentage 
change that again a large error would be introduced. However, 2.7 could 
be rounded down to 2.5, which in this calculation is a convenient 
number to use. 


2.7 x 38 = 2.5 x 40 = 100 


For comparison, the correct answer is 103. Therefore, the second method 
gave a more nearly correct answer. (Remember that we are not here 
attempting to find a precisely accurate answer but are instead using a 
rapid method to find an approximate answer.) Be 
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In a calculation involving division, it is desirable to round off in the 
same direction in both numerator and denominator. That is, if the 
numerator is rounded to a larger number, the denominator should also 
be rounded to a larger number. This is especially important if the round- 
ing off introduces a large percentage change. 


EXAMPLE 6 


Find the approximate quotients: (a) 367/750, (b) 429/850. 

In each fraction, the denominator might equally well be rounded up 
or down. For (a) it would be convenient to round 367 up to 400. There- 
fore, the choice should be to round the denominator up also. 


367 _ 400 
750° 800 — 
If the denominator had been rounded down to 700, the result would 
have been 0.57. Since the correct answer is 0.489, the procedure of 
rounding numerator and denominator in the same direction gave a more 
nearly correct answer. 

For (b) the numerator will be rounded down, from 429 to 400. There- 
fore, the denominator should also be rounded down. 


429 400 
—— ~——=05 T is 0.505. 
850 ~ 800 0 he correct answer is 0.505 BS 


Sometimes it is desirable to know not only whether the approximate 
answer is too big or too small, but also by how much. Then it is useful to 
calculate the percent error introduced by an approximation. (Calculating 
an approximate percent error is sufficient, or you might find yourself 
spending more time calculating the percent error than you saved by 
making the rapid approximation.) 


EXAMPLE 7 


Calculate the percent error for each: (a) 14 is rounded down to 10; (b) 
1004 is rounded down to 1000. For each, the error is 4. 


4 
(a) % error = 14 x 100% z~ 30% 


4 
b) % = —— x 100% ~ 0.4% 
(b) error 1004 x 0.4% 
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Note that the same size change can result in very different percent 
errors. | 


EXAMPLE 8 


Find the approximate answer: 


2.0 (450) 
0.082 (298) 


There are several possible approaches to solving this problem; out- 
lined next are examples of the approaches that might be used. 
MetTHoD |: Round 298 to 300. Notice that 


2.0 x 450 = 900 


Then 


a 


0.082 x 300. 0.082 


To simplify the division, you might round 0.082 to 0.1, an increase of 
about 25%: 


a 


= 30 
0.1 


METHOD 2: Round the 450 and 0.082 both up. 
_2.0 (450)___ 2.0 (500) _ La 
0.082 (298) 0.1 (300) 39 


METHOD 3: Rewrite in exponential notation with some rounding off. 


2.0 (450) 2.0 x 4.5 x 10? 
0.082 (298) 8 x 1072 x 3 x 10? 


The actual answer ts 37. & 
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The types of approximate calculation in Examples 6 and 8 are a useful 
check on the result obtained from a calculator. With practice, an approx- 
imate calculation can be made very rapidly, and the result will usually 
indicate whether the answer obtained on the calculator is reasonable. 





PROBLEMS 


4.6 Tell whether the result of each calculation is possible, and tell why 
or why not. Do not perform the calculations. [Hint: See Section 


2.6.] 
*(a) ae 500 = 550 (b) — 200 = 218 
(c) = x 527 = 520 (d) Pe = 3.25 x 10° 
(e) ee = 1.30 


4.7 For each, do an approximate mental calculation and select the 
answer(s) that might be correct. 


(a) 7 aca 
(i 09s Oy Fe, iy 3S Ay eas 
(5) 1.7.x 1073 
96 
We ag. 


(1) 0.053 (24 (3) 1344 (4) 5376 
4.8 Make rapid approximate calculations for each. 


{ Hint: Write in exponential notation. ] 


21% 120 250 x 189 
eee sa Oy Tani 
(c) 760 x 22.4 x 330 (9)? x 620 
900 x 273 99 x 0.80 
(e) 3.5% 10:7* (750) j 
« 3:5.x 10? (750) 
0.082 (310) 





4.3. SIMPLIFIED ARITHMETIC 


If you need an exact answer, not just an approximate one, you can often 
convert a calculation to one that is easier to carry out by using the rules 
of mathematics. 
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One way to simplify multiplication is to make use of the general rule 
a(b + c) = ab + ac 


Essentially, this is the method used in multiplication of numbers with 
more than one digit. 
1x13 = 7 (10+ 3) 
= 7 (10) + 7 (3) 
= 104 2) =-9)) 


Of course, c may equally well be subtracted. 
a(b — c) = ab —ac 


To use this method to calculate the total price of three items that cost 
$7.98 each, rewrite the price as $8.00 — $0.02. Then 
3 ($7.98) = 3 ($8.00 — $0.02) 
= 3 ($8.00) — 3 ($0.02) 
= $24.00 — $0.06 
= $23.94 
How would you know that you should rewrite $7.98 as $8.00 — $0.02? 
Look for the closest convenient number. “Convenient number” usually 
means one with only one digit that is not 0, but this may depend on your 
own preference. If you find it easy to multiply by 11, then there is no 
advantage to regrouping I1 as 10 + 1. On the other hand, many people 
have trouble multiplying by 9 or 8, even though these are one-digit 
numbers. If you have this difficulty, you might want to think of 9 as 
10 — 1 or of 8 as 10 — 2. 
9 x 7=(10— 17) 
= 70—-7=63 
8 x 6 = (10 — 2X6) 
= 60 — 12 = 48 
There may be a choice of convenient methods. For instance, 26 is 


20 + 6, but it is also 30 — 4 or 25 + 1. Since the reason for using these 
methods is to make the calculation easy for you, pick the one you prefer. 
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PROBLEM 


4.9 Express as sums or differences of numbers easily multiplied. For 
some, three terms may be useful. 
(a) 692 (b) 309 (c) $2.95 (d) $10.98 
(ec) 89 (77 (g) 23 (h) 46 
(i) 18 (j) $1.89 





There are many other possibilities for conversion of an arithmetic 
problem into one that can be done quickly in your head. Since multipli- 
cation and division may be done in any order, you can choose a conve- 
nient sequence. 


AO x 22.= (4: x 10).« 22 
= (4 x 22) x 10 


= 88 x 10 = 880 
By leaving the 10 until last, you have less to keep in mind for the multi- 
plication. 
A less obvious, but very useful, simplification can be made when you 
are required to multiply by 50 or 25 (or by the same numbers with the 


decimal moved, such as 5, 0.5, 2.5, 0.25, etc.). Remember that 50 is 100/2 
and 25 is 100/4. 


@ EXAMPLE 9 


Multiply 88 by 50. 


BB x 50 = 88 x 


= > x 100 


= 44 x 100 = 4400 ® 


@ EXAMPLE 10 


Multiply 88 by 2.5. 
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88 x 2.5 = 88 x 


== x 10 


= 22 x 10 = 220 


@ EXAMPLE 11 


Divide 320 by 25. 
320 320 


= 3.2 <4 = 12.8 
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When one number ts to be divided by another, rounding off can 
sometimes be done in such a way that one number is especially easy to 


divide by another. 


M@ EXAMPLE 12 


298 300 
oi 36 


ont | The actual quotient should be less than 1, since 


the numerator is less than the denominator. 


In some calculations there may be several numbers to be canceled in 


order to reach a setup that allows a rapid mental calculation. 


@ EXAMPLE 13 
What is the approximate answer? 


A) ie ed Bt ke BP Ga We! 
298 x 760 
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You can make a very gross approximation and consider 273 ~ 298 and 
775 = 760, so that they cancel. 


pe) ay 
FE TEs 350 = 1 x 1 x 350 = 350 


Alternatively, you might notice that the numbers 273 and 298 are 
close to 270 and 300 and that these are divisible by 30. 


Zi 210 9 

Se we 0.9 = 1. — "0,1 

208, 300 10 

0.9 1 

213, 74 

—- 350 = (1 — 0.11350) = 350 — 35 = 315 

298 * 760 * ( ei 
The actual answer turns out to be 327, so both methods of approx- 
imation give very reasonable results. a 
PROBLEMS 


4.10 Perform the multiplication indicated mentally. (Simplify the oper- 
ation as before; then multiply and add or subtract.) 





*(a) 89 x 3 (b) $1.05 x 9 
(c) $1.98 x 7 (d) $3.95 x8 
(e) 72x 30 (f) 44 x 60 
4.11 Perform the multiplication or division mentally. 
440 
*ia) 36 «5.0 0) == 
(a) (b) 50 
120 
C) 28%: 25 d). — 
(c) (d) rT 
(ec) 120 x 0.25 (f) 69 x 33.3 
SOLUTIONS 


TO STARRED PROBLEMS 
<sinscaeeerinennacete st eaalciiiapailatat 


4.2(c) No. Draw a piece of metal. Add something (oxygen) to it to 
form magnesium oxide. You would predict that the mass of the 
product would be the sum of the masses of the magnesium and 
the added oxygen, so 0.20 g would be much too smail. 
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4.3a) 


4.6(a) 


4.8(c) 


4.10(a) 


4.11(a) 


Yes. The units for the answer are 


cm? x a = 0 This is an appropriate unit of mass. 


No. Multiplication by a fraction that has the numerator smaller 
than the denominator should give a product that is smaller than 
the original number. 


Although there is nothing that looks easy to cancel, you are not 
trying to obtain an exact answer. As a rapid approximation, 


ie 1 and a l 
900 273 
so 
760 330 
— x —— Ans AS 
900 ~ 973° = Leh 7a 7S 


The actual answer is 22.9, so this is within 2% of the correct 
answer. The fact that one fraction had a value of less than 1 and 
the other had a value of more than | meant that the outrageous 
approximations counteracted each other to some extent. 


To multiply 89 by 3, think of 89 as 90 — 1. 
89 (3) = (90 — 13) 
= 90 (3) — 1 (3) 
= 270 — 3 = 267 


Consider 50 as 100/2. Then divide by 2 and multiply by 100. 


1 
36 x 50 = 36 x : 


ale 100 = 1800 


= oe 
_ ar $90 a 0 Do Ye _ 


: 
PaaS St 


7 
: btamekasa 





te Nomi er a 

7 eee 6 eee Cs ie >, Goan | 

ee Gs 696) Sa Bs, ee x —-> x ( 
as : 7 = 
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5.1. DIMENSIONAL ANALYSIS 


—45640440 
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T Be ora CONVERSION 
FACTORS* 





60 seconds = | minute 
60 minutes = | hour 
+454 grams = | pound (Ib) 
16 ounces = | pound 
$2.54 cm = I inch 
t1.06 quart = 1 L 
32 fluid ounces = | L 
4 quarts = | gallon 
12 inches = | foot 
3 feet = | yard 
5280 feet = I mile 





* The exact units, such as I Ib, are 
exactly 1, with as many significant figures 
as needed. 

+ These units represent measurements. 
They have been rounded off to three signifi- 
cant figures. 


The procedure for solving a problem by dimensional analysis involves 
the following steps: 


1. Write the units of the answer needed. 


i) 


Set this equal to the quantity given, including units, times some 
conversion factor(s). 

3. Multiply the original quantity given by whatever factors are 
needed to convert its units to the units needed. Each factor will be 
a fraction in which the numerator is equivalent to the denomina- 
tor. 


How does one choose conversion factors for step 3? Units'can be 
canceled in the same way as numbers. Hence the units must be set up in 
such a way that the units of the starting quantity cancel out, leaving only 
the units needed for the answer. A unit appearing in the numerator can 
be canceled if the same unit appears in the denominator. (It does not 
matter whether the word used for the unit is singular or plural; “feet” 
and “foot” are the same measuring unit and can be canceled. However, 
“square feet” is a unit of area and is not equal to “feet,” a unit of length.) 
This use of units to determine whether to multiply or divide is the source 
of the great power of dimensional analysis in solving problems. Let us 
look at some specific examples. 


f EXAMPLE 1 


How many yards are there in 6 ft? 
Step 1: The unit of the answer must be yards. 
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Step 2: The quantity given is in feet. Therefore, 
yards = 6 ft x 


Step 3: The factor used must have “feet” in the denominator to cancel 
the unit given (remember that whole numbers can be considered to be 
numerators of a fraction of which the denominator is 1) and “yards” in 
the numerator to introduce the unit needed. Since the numerator must 
be equivalent to the denominator, the number of yards in the numerator 
must equal the number of feet in the denominator. The relationship 
between yards and feet is known. 


1 yd = 3 ft 
Therefore, 
1 yd 
ds = 6 x —— 
yards x rs 
= 2 yd 


Note that the factor required in Example | had yards divided by feet. 
If the problem had been set up incorrectly, 


3 ft 
Wrong: yards = 6 ft x —— 
1 yd 

= is. 

Oo 


the answer would have had the absurd units, feet squared per yard. A 
drawing would also show that the resulting numbers were wrong. Yards 
are large, and it does not make sense that there should be many big 
yards equal to a small number of smaller feet. a 


EXAMPLE 2 


How many liters are there in 250 mL? 
Step 1: The units needed are liters. 
Strep 2: The units given are milliliters. Therefore, 


L = 250 mi. x 


Step 3: The unit needed must relate milliliters and liters and have liters 
in the numerator and milliliters in the denominator. We know | mL = 


100 SETTING UP PROBLEMS: DIMENSIONAL ANALYSIS 


10°° L. Therefore, the factor needed is 10° 3 L/1 mL. The equation is 


[0 
L = 250 mE x 





= O250b = 250-105 1b BS 


| EXAMPLE 3 


A rectangular object measures 50.0 cm by 150 cm. What is the area of 
the object in square meters (m7)? 
The area is found by 


A = 50.0 cm x 150 cm = 7500 cm? 


Step |: The unit of the answer must be m2. 
Step 2: The unit of the given data is cm?. 


m? = 7500 cm? x 


Step 3: The factor needed must have cm? in the denominator and m? in 
the numerator, but there is no such factor given in Table 1.1. There is, 
however, a factor relating m to cm, and using this as a factor twice 
(squaring it) will give the factor needed. 


10°* mm 10°? m 


x 
1 cm 1 cm 








m? = 7500 cm? x 


-4 2 


10° im 
= 7.50 x 103 cm? SS Se 10-! m? 
x x , Ox 10° 'm 


Since the measurements in the original problem had three significant 
figures, the answer must have three. Ed 


In Example 3 a conversion factor had to be used twice to produce the 


units needed. Very often, two or more different conversion factors must 
be used. 


B EXAMPLE 4 


How many grams are there in 2.0 oz (ounces)? 
STEP |: The unit needed is g. 
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STEP 2: The unit given is 0z, so 
g = 2.0 0z x 

STEP 3: The factor needed must have g in the numerator and ounces in 
the denominator. Here we encounter a difficulty. Table 5.1 gives a 
relationship between g and Ib but not between g and ounces. We can 
solve the problem by using two factors. The first will convert the unit 
given, 02, to lb. 


160z2.= 116 


Then we are ready to convert the new unit, Ib, to g. 
PRELIMINARY STEP: Convert the unit given, 2.0 oz, to Ib. 





1 Ib 
Ib = 20 
as fa 
2.0 
= Fe Ib 


20. 454¢ 
Sek Pai 
= 57 2 


Note that since the data were given only to two significant figures, there 
is no justification for giving more in the answer. 
The two steps could have been combined: 





454 g 
Sees 
16 oz 1 lb 


= 37 8 a 


g = 2.0 oz x 


How can you tell whether to use more than one factor? If you know a 
relationship between the units you are given and those you need, you 
can do the calculation with one factor. If you do not know a direct 
relationship between the units given and those needed, you must use 
more than one factor. Sometimes three or more factors must be used. 
For ratio units, such as miles per hour, you may need some factors to 
convert the units of the numerator and others to convert the units of the 
denominator. The relationships you “know” depend on the table of 
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equivalences you are using. These can all be developed from a few defini- 
tions, however, and it is often faster and simpler to do a calculation with 
two or three factors than to spend the time finding a table that lists the 
exact relationship you need. 


@ EXAMPLE 5 


If you are driving at 60 miles/hr, how many feet do you travel in 1 sec? 

STEP |: The unit needed is ft in every sec, ft/sec. 

STEP 2: The unit given is miles in every hr, miles/hr. 

STEP 3: Two conversions must be done; ft to miles and hr to sec. For the 

latter, note that hr must be in the numerator in order to cancel and that 

sec are needed in the denominator. We do not know a direct relationship 

between hr and sec, but we can convert hr to min and then min to sec. 
Either the conversion factor for time or that for distance may be 

written first. 


FU _ 69 miles | 5280 ft 
sec hr a. 








Now that miles have been converted to feet, the conversion from hours 
to seconds will be done in two steps. It is helpful, where several factors 
must be used, to write down the units resulting from each multiplication. 
There is no advantage to doing the arithmetic step by step, and some- 
times a disadvantage, since numbers appearing in the various factors 
may turn out to cancel conveniently. 











ft 60 muHes 5280 ft 1 hr 1 min 
eae Se eabhhates x x 
sec hr Ime 60min 60 sec 
eee |: ft ft 
(resulting units) — Sen <r 
hr min sec 
ft 
= 88 — 
Sec ™ 


@ EXAMPLE 6 


You are traveling at 60 miles/hr. How many cm are you traveling in | 
sec? To solve this problem, you can start out as in Example 4, adding 
the conversion from ft to cm. However, if you have the result of Example 
4, you may use it here. That is, knowing that 60 miles/hr = 88 ft/sec, you 
can treat the problem as one of converting from 88 ft/sec to cm/sec. 

STep !: The unit needed is cm/sec. 
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STEP 2: Given is 88 ft/sec. 


Step 3: There is no need to change the time unit. We know the relation- 
ship between cm and in. from the table and can convert ft to in.: 








1 ft = 12 in. 
Pin’ = 2.4 cm 
Therefore, 
cm 88 ” 12 in. : 2.54 cm 
sec sec 1 ft 1 in 
9900 ete = B 
se 
PROBLEMS 


5.1. Perform the unit conversions indicated. 

*(a) 29 gtokg 

(b) 208 mL to L 

(c) O.1S3 kg tog 

(d) 1.5mtocm 

(ec) 20.0 lbtog 

(f) 3.0 liters to qt 

(g) 3.0 qt to liters 

(h) 5/8 in. to cm 


5.2 Perform the unit conversions indicated. 
(a) 0.153 kg to mg 
(b) 20.0 Ib to kg 
(c) 2.00 yd to cm 
(d) How many grams of aspirin are contained in a 5-grain aspirin 
tablet? 1 grain = 0.0023 oz. 


5.3 In American measures, | qt=4 cups =8 fluid ounces. One 
cup = 16 tablespoons = 48 teaspoons. Calculate the number of mL 
in each of the following. Use your answer for part (a) to work the 
other parts. 

*(a) 1.00 cup 

(b) 1.0 tablespoon 
(c) 1.0 teaspoon 

(d) 1.0 jigger (2.0 oz) 
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5.4 


5.5 


5.6 


mee 


5.8 


5.9 
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U.S. track meets may be run using English units of distance, but 
international meets use metric units. Calculate the distance in 
meters that corresponds to each distance listed. 

(a) 100 yards (b) 440 yards *(c) 1.00 mile 


Calculate the distance in yards that corresponds to each distance 
listed. 
(a) 100 meters (b) 1000 meters (c) S000 meters 


Distance runners often participate in “6K” or “10K” runs. Calcu- 
late the distance in miles corresponding to each: 
(a) 600km (b) 10.0km 


A swimming pool is 40 feet long, and you swim the length of the 
pool 40 times (40 laps). How far did you swim in 
(a) miles (b) meters 


(a) In 1988, Italy imposed a highway speed limit of 110 km/hr. 
What is this in miles/hour? [Hint: See answer to 5.4(c).] 

(b) The speed limit on most American highways is 55 miles/hr. 
What is this in km/hour? 

(c) If you are traveling 35 miles/hr, how many feet do you travel 
in one second? 


The speed of light is 3.00 x 10!° cm/sec. 
*(a) How fast is this in miles/sec? Use this answer for parts (b) 
and (c). 
(b) How fast is this in miles/hr? 
(c) The moon is about 240,000 miles from the earth. How many 
seconds would it take a radio signal from earth traveling at 
the speed of light to reach the moon? 





5.2. SOLVING CHEMISTRY PROBLEMS BY 
DIMENSIONAL ANALYSIS 


There are many chemistry problems that are easily solved by dimension- 
al analysis. A great many definitions are expressions of relationships 
between different units for a quantity. 


@ EXAMPLE 7 


The definition of density is the ratio of mass (incorrectly called “ weight”) 
to volume. In metric units, the density is given as mass in grams of | mL 
or of | cm? (these are the same, since | mL = | cm?). If the density of a 
liquid is 0.80 g/mL, what is the mass of 25 mL of the liquid? 
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Step 1: The quantity needed is mass; the unit of mass is g. 
Step 2: The quantity given is 25 mL. Therefore, 


g= 23 mix 


Step 3: The relationship between g and mL is given by the density 





0:80'¢ = [mL 
Then 
0.80 g 
=) 29 Mi 
‘ 1 mb 
= 208 @ 
@ EXAMPLE 8 


A metal has a density of 3.1 g/cm*. What is the volume of a piece of the 
metal that weighs 80 g? 

Step 1: The quantity needed is volume; the unit is cm?. 

STEP 2: The quantity given is 80 g. Therefore, 


cm? = 80 g x 


Step 3: The relationship between g and cm? for the metal is given. 





3.1g=1cm? 
Then 
1 cm? 
L=80 
" sae Fee 
= 26 cm? 


(Be sure to write the factor in such a way that the units cancel properly.) 


PROBLEMS 


§.10 Ethyl alcohol has a density of 0.80 g/mL. 
(a) How many gin 50 mL of ethyl alcohol? 
*(b) How many mL of ethyl alcohol are needed to obtain 1.6 g? 
(c) How many mL in 24 g of ethy! alcohol? 
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5.11 Seawater has a density of 1.025 g/mL. 
*(a) How many grams are there in 1.000 Liter of seawater? 
(b) How many grams are there in 1.000 qt of seawater? 
(c) What is the volume in mL of 1.000 kg of seawater? 
(d) What is the volume in mL of 1.00 kg of pure water, density 
1.00 g/mL? 





5.3. MOLES 


The very important chemical unit, the mole, is defined in several ways. 
One mole of any substance is the amount of the substance that contains 
6.02 x 107° particles. One mole i§ the amount of a substance that has a 
mass equal to the formula weight of the substance in grams. That is, if a 
molecule has a formula weight of 60 amu, ! mole of such molecules has a 
mass of 60 g. Another way of saying this is that the formula weight is the 
number of grams in | mole. 

The formula weight is computed by adding the atomic weights of all 
the atoms present in one unit or particle of the substance, whether that 
unit or particle is an atom, a molecule, or a pair of ions. Therefore, the 
useful relationships are 


1 mole = 6.02 x 107° particles 
I mole has a mass of M grams, where M is the formula weight 
There are a great many calculations in chemistry that make use of the 
mole, many of them coming under the general category of 
“stoichiometry” or calculations of the quantities of chemical reactions. 
These calculations are so common and so fundamental that it is worth- 


while to practice until you can do them rapidly and confidently. Most 
such problems are easily solved by use of dimensional analysis. 


@ EXAMPLE 9 
How many moles of S are present in 64 g of S? 
UNIT NEEDED: moles of S. 
QUANTITY GIVEN: 64 g. Therefore, 
moles of S = 6425S x 


The relationship between g and moles is 


1 mole S atoms weighs 32 g (from a table of atomic weights) 
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Therefore, 


1 mole of S 
32 gofS 


= 2.0 moles of S | 


moles of S = 64 g of S x 


@ EXAMPLE 10 
How many S atoms are there in 2.5 moles of sulfur, S? 
UNIT NEEDED: S atoms. 
UniT GIVEN: 2.5 moles of S. Therefore, 
S atoms = 2.5 moles of S x 
The relationship between moles and atoms 1s 
1 mole = 6.0 x 107° atoms 


Then 


6.0 x 1073 S atoms 
1 mete of S 


= 15 x 107° S atoms = 1.5 x 1024 S atoms e 


S atoms = 2.5 moles of S x 


@ EXAMPLE 11 
A sample of copper, Cu, contains 3.0 x 102? atoms. How many moles 
and how many grams of copper are present? 
First, find how many moles. The given unit is atoms. 
moles of Cu = 3.0 x 107? Cu atoms x 
The relationship between moles and atoms ts 
1 mole = 6.0 x 107? atoms 
Therefore, 


1 mole of Cu 
6.0 x 1073 Cu atoms 


= 5.0 x 10°? mole of Cu = 0.050 mole of Cu 


moles of Cu = 3.0 x 102? Cu atoms x 
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Now find the number of grams present, using the number of moles 
from the last calculation as the given unit. 


2 of Cul=5.0 * 10° 7 mole of Cu: x 
The relationship between g and moles is the atomic weight of copper, 


1 mole of Cu = 64 g of Cu 


Then 
64 g of Cu 
= -2 ee ae ees 
g of Cu.=50 x 10 Hen UC ies cree 
= 3.2 g of Cu | 


M@ EXAMPLE 12 


How many molecules are there in 13.2 g of CO,? The molecular weight 
of CO, is 44 (12 for C, 16 for each of 2 O’s). 

UNIT NEEDED: molecules of CO,. 

UNIT GIVEN: g 


molecules of CO, = 13.2 g of CO, x 


No direct relationship between g and molecules is known. However, in 
Example 9 we went from g to moles, and in Example 10 we went from 
moles to molecules. Combining these two steps, with care to make the 
units cancel correctly, gives the entire setup. 
RELATIONSHIPS: 

1 mole = 6.0 x 107? molecules 


| mole of CO, = 44 g of CO, (the molecular weight) 
The entire setup is 
1 mete CO, 
44 gCO, 


0 6.0 x 10?° molecules of CO, 
1 mele of CO, 


1.8 x 107? molecules of CO, a 


molecules of CO, = 13.2. 2CO, x 


I] 


Note that one must sometimes multiply by the molecular weight and 
sometimes divide. Similarly, one must sometimes multiply and some- 
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times divide by the number of atoms or molecules in a mole. It is impor- 
tant to see that the factors are set up to make the units cancel correctly. 
It is also useful to check the answer to see if it makes sense. A fraction of 
an atom, or 107° atom, is impossible, although one may well have a 
fraction of a mole. A mole is a very large number of individual particles, 
and one may have many or few of such particles. Since each mole weighs 
1! g or more, there cannot be many moles for a few g. 


mw EXAMPLE 13 


In a “vacuum” there may be 10°’ mole of air in 1 L. How many mol- 
ecules is that? 

Unit NEEDED: molecules. 

Unit Given: 10~7 mole of air. (The statements about the vacuum and 
the volume of | L being considered simply define the problem and are 
not part of the calculation.) 


molecules = 1077 mole x 
RELATIONSHIP: 


1 mole = 6 x 107? molecules 


6 x 107? molecules 


lecules = 107 mole x 
molecules 


= 6 x 10'© molecules 


(Think about this answer. Is the vacuum really empty ?) x 


PROBLEMS 


5.12) How many moles in each? 
*(a) 64 g of O, (molecular weight 32 g = | mole) 
(b) 64 g of Cu (64 g = | mole) 
(c) 64g of H,SO, (98 g = | mole) 
(d) 0.0070 g of N, (28 g = | mole) 
(e) 0.21 g of C,H, (30 g = | mole) 
*(f} 1.000 Ib of sugar (C,,H,,0,,) (342 g = | mole) 
(g) 1.000 kg of iron, Fe, (1 mole = 55.8 g) 


5.13. How many moles in each? 
*(a) 6 x 107? molecules 
(b) 1.2 x 10?* molecules 
(c) 3 x 107° molecules 
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5.14. How many g in each? 
*(a) 3.0 moles of O, (32 g = | mole) 
(b) 10.0 moles of Fe (56 g = | mole) 
(c) 0.0010 mole of CO, (44 g = | mole) 
*(d) 3.0 x 107° molecules of CO, 
(e) 3.0 x 107* molecules of O, 
(f) 9.0 x 10?! molecules of O, 





5.4. CONCENTRATION 


An important group of ratio units is that which expresses the concentra- 
tion of a solution. There are several such units, expressing the ratio of 
the amount of solute (dissolved substance) to the volume or mass of the 
solution (or, in one instance, the mass of solvent). The amount of solute 
may be expressed as moles, equivalents, or grams. 

Two concentration units frequently encountered in chemistry are 
defined as follows: 

moles of solute 


molarity, M@ = ———__—_—— 
y liters of solution 


g solute 


weight percent (or %) = —————_——_ 
rac ee 100 g solution 


solute 
re ae BO, 


g solution 


Each definition can be used in either of two ways. You can use the defi- 
nition as a formula, substitute the known quantities, and solve the equa- 
tion for the remaining quantity. Alternatively, you can use the definition 
as a conversion factor, as was done with density. 

When the concentration of a solution is used as a conversion factor, 
the specified quantity of solute is treated as if it were equivalent to the 
specified quantity of solution. That is, since a 2 M solution has 2 moles 
of solute in I liter of solution, you would use the relationship 


2 moles solute = | liter of solution 


as the conversion factor for your calculation. 


M@ EXAMPLE 14 


How many moles of HCI are in 2 L of 3 M HCI solution? 
Unit NEEDED: moles of HCl. 
GIVEN: 2 liters of solution. 
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RELATIONSHIP: The solution contains 3 moles of HCI for every 1 liter of 
solution. 


3 moles HCl 
moles HCl = 2b sort x. 
1 --sorn 
= 6 moles HCl 
(The term “sol’n” is a convenient abbreviation of “solution.”) & 


@ EXAMPLE 15 


How many liters of 2.0 M NaOH solution are needed to obtain 0.50 
mole of NaOH? 

NEEDED: liters of solution. 

GIVEN: 0.50 mole of NaOH. 

RELATIONSHIP: 2.0 moles of NaOH in every 1 L of solution. 


1 L soln 
2.0 moles NaOH 


= 0.25 L @ 


liters = 0.50 mole NaOH x 


M@ EXAMPLE 16 


How many g of glucose are in 500 g of 2% glucose solution? 
NEEDED: g of glucose. 

GIVEN: 500 g of solution. 

RELATIONSHIP: 2 g of glucose to every 100 g of solution. 


2 g glucose 
100 g sol’n 


=10g a 


g glucose = 500 g sol’n x 


PROBLEMS 


5.15 How many moles of HCI are there in each of the following? 
(a) 3Lof2M solution 
(b) 3.0 L of 6.0 M solution 
*(c) 250 mL of 2 M solution 
(d) 100 mL of 1 M solution 


it2 SETTING UP PROBLEMS: DIMENSIONAL ANALYSIS 


- 


\ 


(e) 100 mL of 12 M solution 
() 10mL of 10°? M solution 


5.16 How many liters and how many mL of 3.0 M H,SO, solution are 
needed to get the quantity specified? 
*(a) 0.50 mole of H,SO, 
(b) 6 moles of H,SO, 
(c) “3 *% 10° * mole of H,SO;, 
(d) 1.0 mole of H,SO, 
*(e) 98 g of H,SO, (98 g/mole) 
[ Hint: How many moles is that?] 
()} 32.7 g of H,SO, 
(g) 32.7 mg of H,SO, 


5.17 You have a 2.0% solution of NaCl. 
*(a) How many g of NaCl in 250 g of solution? 
(b) How many g of NaCl in 50 g of solution? 
(c) How many g of NaCl in 10 g of solution? 
(d) How many g of solution are needed to get 3.0 g of NaCl? 
(e) How many g of solution are needed to get 10 g of NaCl? 
*(f) How many g of solution are needed to get 1.0 mole of NaC! 
(58.5 g/mole)? 





5.5. USING BALANCED EQUATIONS 


The last few pages have shown how problems could be solved by using 
definitions as conversion factors and using the units as a guide to setting 
up the calculation. There are other problems that can be solved using as 
conversion factors quantities that are chemically equivalent in some way, 
even though it would be nonsense to call them mathematically equal. 

Balanced equations for chemical reactions tell what is put in (the 
reactants) and what is formed (the products) and in what proportions. 
The substances are shown by their chemical formulas; each formula 
gives the number of atoms of each type in the substance, as shown in the 
subscripts following the symbols for the atoms. Thus the formula H,O 
indicates a molecule made up of two atoms of H to one of O, with the 
subscript | omitted. The number of molecules of each type is shown as a 
coefficient written before the formula, so 3 H,O means that three mol- 
ecules are used, each having the formula H,O. As with subscripts, a 
coefficient of 1 is not written. These coefficients show the ratio of mol- 
ecules of each type used and formed rather than the total. The coeffi- 
cients can equally well be read as showing the ratio of moles used in the 
reaction. This is true because the number of molecules in a mole is the 
same for all substances. 
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To make use of a balanced equation in a calculation, consider the 
relative amounts used as chemically equivalent. In the equation 


2H, ata O, = 2H,0 


the coefficients state that the proportions used are two molecules of H, 
to every one molecule of O, to every two molecules of H,O formed. 
Equally, the ratio could be stated 


2 moles H, to | mole O, to 2 moles H,O 
In setting up a problem, the ratio 


2 moles H, 
1 mole O, 


can be used as a conversion factor, since the two quantities are chemi- 
cally equivalent. 


wi EXAMPLE 17 


How many moles of H,O are formed in the preceding reaction if 6.0 
moles of O, are used? How many g of H,O is that? The molecular 
weight of H,O is 18 g/mole. 

NEEDED: moles of H,O formed. 

GIVEN: 6.0 moles of O, used. 

RELATIONSHIP: From the balanced equation, 2 moles of H,O are formed 
for every | mole of O, used. Therefore, 


2 moles H,O 


moles H,O = 6.0 meles-O7 x 


= 12 moles H,O 


To find the number of grams, 
GIVEN: 12 moles of H,O formed. 
NEEDED: g of H,O formed. 
RELATIONSHIP: | mole of H,O = 18 g (the molecular weight). 


18 g H,O 
1 mole H5O 


= 110 g 3 


g H,O = 12 moles-H;50 x 
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It is important to recognize that all calculations using coefficients from 
balanced equations must be done in terms of moles or molecules. If the 
original quantity is given in some other unit, such as grams, the first step 
in the calculation is to find the number of moles. So many chemical calcu- 
lations are done in this way that a good rule of thumb is to start each 
problem by asking: How many moles? 


m@ EXAMPLE 18 
The equation for the commercial production of ammonia, NH3, is 
N, + 3H, =2NH, 


How many moles and how many g of NH; can be produced from 24 g of 
H, and sufficient N, to react with it? 
MOLECULAR WEIGHTS: N,, 28; H;, 2.0; NH3, 17. 

Since the equation gives the relationship in moles, the first thing to do 
is to convert grams of H, to moles of H,. This can be done in a separate 
step, or the steps can be combined, as was done in the unit conversions 
where more than one conversion factor must be used. 

NEEDED: moles of NH,. 
GIVEN: 24 g of H,. 
RELATIONSHIPS: | mole of H, = 2.0 g of H, 


3 moles of H, will form 2 moles of NH, 


(The 3 and 2 are the coefficients in the equation.) 
SETUP: 


| mole-H, : 2 moles NH, 
2.0 g-H; 3 moles-H,, 


= 8.0 moles NH, 


moles NH, = 24 gH; x 


Then the number of grams of NH, can be calculated. 
NEEDED: g of NH,. 

GIVEN: 8.0 moles of NH. 

RELATIONSHIP: | mole of NH, = 17g NH, 


17 g NH, 
| mole NH; 
= 140 g NH, a 


g NH; = 8.0 moles-NH, x 
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PROBLEMS 


5.18 The equation for the fermentation of sugar, C,,H,,O,,, to 
alcohol, C,H,O, is 


H,O + C,2H230,, — 4C,H,O ar 4CO, 


Molecular weights: C,,H,,0,,, 342; C,H,¢O, 46; CO, , 44. 

(a) Five pounds of sugar is about 6.6 moles. How many moles 
of alcohol are formed in the fermentation of 6.6 moles of 
sugar? How many moles of CO,? 

*(b) If 72 g of sugar is used, how many moles and how many g of 
alcohol are formed? 

(c) How many moles and how many g of CO, are formed in 
part (b)? 

(d) Under certain conditions 1! mole of a gas has a volume of 
22.4 liters. What is the volume of the CO, gas formed in 
part (a) under these conditions? What is the volume formed 
in part (c)? 


5.19 The equation for a reaction ts 


3C,H,O + K,Cr,O, + 4H,SO, 
= Cr,(SO4), + 7H,O + 3C,;H,O + K,SO, 


(a) If 1.5 moles of C,;H,O are used, how many moles of 
K,Cr,0, and of H,SO, are needed? 

(b) How many g of C,H,O (molecular weight 58) are formed 
from 1.5 moles of C,HgO? ; 

(c) How many g of C,H,O are formed from 18 g of C;H,O 
(molecular weight 60)? 

*(d) How many moles of H,SO, are used in the reaction with 18 
g of C,HzgO? How many mL of 18 M solution would 
provide this many moles? 

(e) How many g of K,Cr,O, (formula weight 294) are needed 
to make 29 g of C,H,O? 


SOLUTIONS 
TO STARRED PROBLEMS 


5.1(a) Step 1: Unit needed: kg. 
STEP 2: Quantity given: 29 g. 


keg = 29 9 x 
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(e) 100 mL of 12 M solution 
(f) 10mL of 10°? M solution 


5.16 How many liters and how many mL of 3.0 M H,SO, solution are 
needed to get the quantity specified ? 
*(a) 0.50 mole of H,SO, 
(b) 6 moles of H,SO, 
(c) 3x 10°? mole of H,SO, 
(d) 1.0 mole of H,SO, 
*(e) 98 g of H,SO, (98 g/mole) 
[ Hint: How many moles is that ?]} 
(f) 32.7 g of H,SO, 
(g) 32.7 mg of H,SO, 


5.17. You have a 2.0% solution of NaCl. 

*(a) How many g of NaCl in 250 g of solution? 
(6b) How many g of NaCl in 50 g of solution? 
(c) How many g of NaCl in 10 g of solution? 
(d) How many g of solution are needed to get 3.0 g of NaCl? 
(ec) How many g of solution are needed to get 10 g of NaCl? 

*(f) How many g of solution are needed to get 1.0 mole of NaCl 

(58.5 g/mole)? 





5.5. USING BALANCED EQUATIONS 


The last few pages have shown how problems could be solved by using 
definitions as conversion factors and using the units as a guide to setting 
up the calculation. There are other problems that can be solved using as 
conversion factors quantities that are chemically equivalent in some way, 
even though it would be nonsense to call them mathematically equal. 

Balanced equations for chemical reactions tell what is put in (the 
reactants) and what is formed (the products) and in what proportions. 
The substances are shown by their chemical formulas; each formula 
gives the number of atoms of each type in the substance, as shown in the 
subscripts following the symbols for the atoms. Thus the formula H,O 
indicates a molecule made up of two atoms of H to one of O, with the 
subscript | omitted. The number of molecules of each type is shown as a 
coefficient written before the formula, so 3 H,O means that three mol- 
ecules are used, each having the formula H,O. As with subscripts, a 
coefficient of 1 is not written. These coefficients show the ratio of mol- 
ecules of each type used and formed rather than the total. The coeffi- 
cients can equally well be read as showing the ratio of moles used in the 
reaction. This is true because the number of molecules in a mole is the 
same for all substances. 


5.5. USING BALANCED EQUATIONS Was 


To make use of a balanced equation in a calculation, consider the 
relative amounts used as chemically equivalent. In the equation 


2H, = O, cae 2H,O 


the coefficients state that the proportions used are two molecules of H, 
to every one molecule of O, to every two molecules of H,O formed. 
Equally, the ratio could be stated 


2 moles H, to 1 mole O, to 2 moles H,O 
In setting up a problem, the ratio 


2 moles H, 
| mole O, 


can be used as a conversion factor, since the two quantities are chemi- 
cally equivalent. 


@ EXAMPLE 17 


How many moles of H,O are formed in the preceding reaction if 6.0 
moles of O, are used? How many g of H,O is that? The molecular 
weight of H,O is 18 g/mole. 

NEEDED: moles of H,O formed. 

GIVEN: 6.0 moles of O, used. 

RELATIONSHIP: From the balanced equation, 2 moles of H,O are formed 
for every 1 mole of O, used. Therefore, 


2 moles H,O 


moles H,O = 6.0 meles-O; x Fr 


= 12 moles H,O 


To find the number of grams, 
GIVEN: 12 moles of H,O formed. 
NeepDED: g of H,O formed. 
RELATIONSHIP: | mole of H,O = 18 g (the molecular weight). 


18 g H,O 
| mole H5O 
220 g a 


g H,O = 12 moles-H,5O0 x 


II 
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RELATIONSHIP: | kg = 10° g. 
STEP 3: 


| kg 
kg = 29 
g=2 cea (ici 


= 0.029 kg 





The conversion factor is written with kg in the numerator, 
where it will be needed, and g in the denominator to cancel out 
the g in the original quantity. 


5.3a) Step 1: Unit needed: mL. 
STEP 2: Quantity given: 1.00 cup. 


mL = 1.00 cup x 
RELATIONSHIP: Several factors will be needed. 


1 qt = 4 cups (given in the problem) 
Hooray = L (from Table 5.1) 
Pra 10" 


STEP 3: 


I qt iL tk 
XS Oe a 
4cups 1.06qt 10 °L 





mL = 1.00 cup x 


(result) qt| L| mL | 
200 Mit 


First, cups are converted to qt. Then qt are converted to L. 
Finally, liters are converted to mL. 











5.4(c) 
5280 ft 12in. 2.54cm 10°72 m 
m = | mile x ——— x x x 
1 mile I ft tin, 1 cm 
= 1.61 x 10°>m 


5.9(a) Step 1: The unit needed is miles/sec. 
STEP 2: The quantity given is 3.00 x 10!'® cm/sec. 


miles cm 
=~3.00 x 10!° — x 
sec Cc 
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5.10(b) 


5.11(a) 


The unit sec needs no conversion, but several factors are needed 
to go from cm to miles. The unit in the table is 


2.54 cm = | in. 
Familiar conversions can be used to get from in. to miles. 


12 in. = 1 ft 
5280 ft = 1 mile 


cm 1 in. 1 ft 1 mile 
= 3.00 x 10!° — 
sec sec ? 2.54 cm i 12 in. ‘ 5280 ft 


in. ft miles 
sec sec sec 


The use of exponential notation is very helpful in checking the 
position of the decimal in such a calculation. 

















a Reg 


The statement of density gives the relationship between g and 
mL. 

Unit Neepep: mL. 

QUANTITY GIVEN: 1.6 g 


mL = 1.6 g x 


RELATIONSHIP: 0.80 g = | mL. 





L= 16 go ee mine l 
i) ea ance 
scat elie 6 
=20 mL 
NEEDED: g. 
GIvEN: 1.000 L of seawater. 
RELATIONSHIP: 1.025 g=1 mL. To get to liters, 1 mL = 
(i> * 36. 
I mL i 
ect Onis eee 
0 eae © 1 mL 
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5.12(a) NEEDED: moles. 
GIVEN: 64 g of O,. 
RELATIONSHIP: 32 g = | mole. 


1 mole O, 
3220, 


= 2.0 moles O, 


moles O, = 642 0, x 


(f}) N&EpDED: moles. 
GIVEN: 1.000 Ib of sugar. 
Two conversion factors are needed, first to grams, then to 
moles. 
RELATIONSHIPS: 


4542 =1 |b 


342 g = | mole 


454 g ‘ | mole sugar 
1 Ib 342 g sugar 





moles sugar = 1.000 Ib sugar x 


= [.33 moles 


5.13(a) NEEDED: moles. 
GIVEN: 6 x 107? molecules. 
RELATIONSHIP: | mole = 6 x 102? molecules. 


|! mole 
moles = 6 x 107? molecules x — ——_——_— 
6 x 10°” molecules 


= 1x 10°! mole 


5.14(a) NEEDED: g 
GIVEN: 3.0 moles of O,. 
RELATIONSHIP: 32 g of O, = | mole of O,. 


222 Oy 


g of O, = 3.0 moles O, x 
1 mole O, 


(d) Two conversion factors are needed: first to moles, then to 
grams. 
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NEEDED: g of CO,. 
Given: 3.0 x 1073 molecules of CO,. 
RELATIONSHIPS : 


1 mole CO, = 44 g CO, 


1 mole = 6.0 x 107? molecuies 


1 mole 44 g2 CO, 


= 3.0 x 10°° molecules x ~~ a3 
g x aes * 6.0 x 102 molecules © 1 mole 


=22 g of CO, 


5.15(c) NEEDED: moles of HCI. 
GIVEN: 250 mL of solution. 
RELATIONSHIP: The solution is 2 M. This means that 


! L contains 2 moles of HCl 


Also: 
ImL=10°7L 
te ae HCl 
Roles Hasso encanto ee 
1 mL 1 L sol’n 
= 0.5 mole HCl 


5.16(a) NeepeD: mL of solution. 
GIveEN: 0.50 mole of H,SO,. 
RELATIONSHIP: A 3.0 M solution is one that contains 3.0 moles 
of H,SO, in 1 L of solution. 


1 L sol’n 


L. soln = 6.0 mole 1,50, x ———— 
Se baie aati 3 moles H,SO, 
= 0.17 L sol'n 


1 mL 


mL = O17 L sol’n x 10° L 


= 170 mL sol’n 


(ec) NEEDED: liters of solution. 
Given: 98 g of H,SO,. 


120 SETTING UP PROBLEMS: DIMENSIONAL ANALYSIS 


RELATIONSHIPS: g of H,SO, must be converted to moles. One 
liter of solution contains 3.0 moles of H,SO,. 


! mole L Lsoln 


L sol’n = Hes Vhmiales HO, 
sol’n = 98 g H,SO, x 98 p a ouiole: H,SO, 





= 0/33.L sol'n 


bral 
0-7. 





mL sol’n = 0.33 L sol’n x 


= 330 mL sol’n 


5.17(a) NEEDED: g of NaCl. 
GIVEN: 250 g of solution. 


RELATIONSHIP: 2.0 g of NaCl in every 100 g of solution (from 
the definition of a 2.0% solution). 


2.0 g NaCl 
g NaCl = 250 g sol’n x wal ED a 
100 g sol’n 


= 5.0 g NaCl 


(f) One way to answer the question is to consider that the question 
asking for 1.0 mole of NaCl is in effect asking for the grams of 
solution that contain 58.5 g of NaCl. 
SETUP: 

100 g sol’n 
’'n = 58.5 g NaCl x ——=——_ 
Po ideals F 0s Pia 
= 2900 g sol’n 
Alternatively, the setup could have used two conversion factors. 
1 mole = 58.5 g NaCl 
100 g sol’n contains 2.0 g NaCl 


58.5 g NaCl : 100 g sol’n 


| mole NaCl x — 
I! mol NaCl 2.0 g NaCl 


i) 
I! 


I 


2900 g sol’n 


5.18(b) Before the equation can be used, the quantities must be in 
moles. Therefore, a conversion to moles is needed. 
RELATIONSHIPS AVAILABLE: 


| mole sugar = 342 g 


| mole alcohol = 46 g 
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5.19(d) 


Four moles of alcohol are formed from 1! mole of sugar 
(coefficients from the equation). 

NEEDED: moles of alcohol. 

GIVEN: 72 g of sugar. 


1 mole sugar 4 moles alcohol 


les alcohol = 72 
areas B suear * 342 g sugar 1 mole sugar 


= 0.84 mole alcohol 


46 g alcohol 


grams alcohol = 0.84 mole x 
1 mole 


= 39 g alcohol 


The first step is to convert to moles of C,;HgO so that the equa- 
tion can be used. Then, using the equation, find moles of 
H,SO, used. Finally, find how many mL of H,SO, solution are 
used. 

NEEDED: moles of H,SO,. 

GIVEN: 18 g of C,H,O. 

RELATIONSHIPS: 


| mole C;H,O = 60 g [from part (c)] 


3 moles C,H,O react with 4 moles H,SO, 


1 mole C;H,gO 
60 g 


4 moles H,SO, 
x a 
3 moles C,HgO 


= 0.40 mole H,SO, 


moles H,SO, = 18 g C,H,O x 


To find the mL of solution: 
GIvEN: 0.40 mole of H,SO,. 
RELATIONSHIPS: 


1 L sol’n contains 18 moles H,SO, 
bomb 107 NL 
SETUP: 


on { Lsol'n I mL 


L sol'n = 0.40 mole H,SO es 
bia ie Dee ore a eae Ba, WO, 


= 22 mL sol'’n 








GRAPHS 


A special kind of drawing, a graph, is used very often in scientific work. 
What makes a graph different from other drawings ts that it represents 
specific numerical values as well as a general pattern. That means that 
you can use a graph to determine, for instance, that the quantity of a 
substance present increased for the first 20 minutes of an experiment, 
then leveled off at 0.45 g, and didn’t change any further. A newspaper 
may show two lines on the same graph to compare the change of cost of 
housing in an areca with the average income of families over the last 10 
ycars. 

In scientific work, graphs arc used to show general patterns, to rep- 
resent expcrimental data in a way that ts casy to read, to find numerical 
valucs of quantitics, to help determine an equation that describes a phe- 
nomenon, and to solve equations. 


6.1. CARTESIAN COORDINATES 


The most common way in which data are plotted on a graph is in Carte- 
sian coordinates. For these, two axes are drawn at right angles. One 
quantity is plotted on the horizontal axts (the abscissa) and the other on 
the vertical axis (the ordinate). [ff the numbers on the axes start at 0, the 
place where the axes cross is called the origin. (For convenience, often 
only a portion of such a graph may be shown. If the only interesting part 
is between the values of 100 and 120, there may be no need to show the 
whole graph all the way back to 0, and there would be the disadvantage 
of using space for what ts not important.) 
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ptt tt tH 
0 1 2 3 4 5 6 
Correct 
(a) 
ht tH HH 
0 20 40 60 80 100 
Correct 
(b) 
———_+—_+—_+—__+——_+-_+}+— 
0 1 2 3 5 9 10 
Wrong 
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The abscissa is often called the x-axis, since the value of x is usually 
plotted along it, and the ordinate is the y-axis. There is no requirement 
that the quantities be symbolized by x and y. Normally, the independent 
variable is plotted on the x-axis and the dependent variable on the 
y-axis. For example, time is usually plotted on the horizontal axis. 

Each quantity increases in value in proportion to its distance from the 
origin, positive values going to the right or up, and negative values going 
to the left or down. Since equal distances must represent equal numerical 
values, the values of the quantity must be evenly spaced along the axis. 
Thus the spacing in Figure 6.1(a) and (b) is correct, but that in 6.1(c) is 
not. Numbers are plotted on a graph according to where they fall within 
this even spacing. A value of 1.5 would then be plotted (marked) halfway 





FIGURE @.2 
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between the | and the 2. Even if the values measured were 1, 2, 4, 5, 9, 
and 10, they would still be plotted on a graph marked like that shown in 
Figure 6.1(a), never like that shown in Figure 6.1(c). 

To define a point on a graph, the values of both quantities are speci- 
fied, the one on the horizontal axis always being given first. Thus the 
point where x = 2 and y = 5, with x shown on the horizontal axis, is 
called the point (2, 5). Such an ordered pair of numerals can be given for 
any point. It is called an ordered pair because the order, or sequence, of 
the numbers is a part of the information; the point (5, 2) is not the same 
as the point (2, 5); see Figure 6.2. To plot a point on a graph, label the 
axes. Then measure off the correct number of spaces to the right to show 
the x value. Draw a vertical line (either actually or mentally) and 
measure up this line far enough to show the y value. Mark the point 
clearly. 


6.2. GRAPHING EXPERIMENTAL DATA 


When you wish to plot experimental data on a graph, you must make a 
number of decisions. The first is what kind of paper to use. There may be 
a choice of which quantity should go on which axis. There will certainly 
be a choice of how to space the numbers on the axis. Since experimental 
measurements always have some sources of error associated with the 
measurement, the true value may be slightly larger or smaller than the 
measured value, and the curve you draw can go directly through the 
point or a little above or below it. Which should it be? If the data do not 
give a straight line, could you get a straight line if you used the values of 
x? or 1/x or log x, rather than x? 

Students sometimes try to draw graphs on notebook paper or on 
paper with wide-spaced markings. This is a waste of time; the points 
cannot be placed accurately, nor can values be read accurately. 
“Quarter-inch cross-section” paper, with lines one-fourth inch apart, is 
seldom useful for graphing data. The ideal graph paper has close-spaced 
lines, with heavier lines every fifth or tenth line to make counting easy. 
For scientific work, the most useful paper has lines | mm apart, with 
heavier lines every | cm (10 mm). 

Give the graph a title to show what it represents. Label the coordi- 
nates to show what is plotted on each and the units of the quantities. 
Place the independent variable on the abscissa (the horizontal axis) and 
the dependent variable on the ordinate (the vertical axis). In an experi- 
ment it is usually easy to tell which ts independent; that is the one that is 
changed, and the change in the other is a result. When a quantity is 
measured over a period of time, time is obviously independent. The 
passage of time is not a result of a change but quite an independent 
process. In an experiment frequently done in beginning chemistry classes, 
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measured quantities of sulfur are added to pieces of copper, and the 
students find how much sulfur combined with the copper compared to 
the amount put in. Here the choice was of the amount of sulfur to add, 
that is, the independent quantity. The result is the amount combined, 
which is therefore the dependent quantity. 

The spacing along the coordinates depends on the range to be 
graphed. You must look at the range of numbers and divide the space 
evenly to accommodate the full range (see Figure 6.3). It is not necessary 
to start at 0 for every graph. If the quantities range from 300 to 450, the 
space from 0 to 300 would just be wasted. To make room for the wasted 
space, the part of the graph between 300 and 450 would have to be 
compressed into only one third of the total space. It is desirable to 
spread a graph over a relatively large space, since that makes it possible 
to locate points more precisely. Whatever the choice of range to be 
covered, the space must be divided evenly so that a given distance on the 
graph is directly proportional to a given range of measurement. 

Once the coordinates have been labeled appropriately, the experimen- 
tal measurements are plotted. As always, measure over the correct dis- 
tance for the first number in the pair, then up the correct distance for the 
second. Mark each point clearly. 

Sometimes, instead of drawing a dot for a measured point, scientists 
draw a bar or a circle. These indicate the possible range of values for the 
measurement, including experimental error. For example, a 50-mL 
burette can be read to the nearest 0.01 mL, but the last figure is esti- 
mated and uncertain by about 0.02 mL. Therefore, a reading of 5.73 mL 
is really between 5.72 and 5.74 mL. This error is inherent in the measure- 
ment and does not represent a mistake by the experimenter. For very 
precise graphing, a line might be drawn from 5.72 to 5.74 rather than a 
point at 5.73. 

When all the points have been placed on the graph and checked to see 
that they were placed correctly, the points are connected by a smooth 
curve. Beginning students sometimes make the mistake of trying to 
connect all the points, rather like a child’s “follow-the-dot” drawing or 
like Figure 6.4(a). Experimental data contain both the kinds of errors 
that result from the limitations of the measuring instruments and other, 
harder-to-predict errors. 


Useful portion Entire range useful 
! T ! I fo tee eee eee ee 
(a) (b) 


FIGURE 6.3 Two ways to label a coordinate to be used for graphing data in the 
range 300 to 450. 
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Too high 


Too low 





Wrong Wrong 
(a) (b) 





Correct 
(c) 
FIGURE 6.4 


Since errors, as well as uncertainties in reading instruments, are 
usually random (as likely to result in high as in low measurements), the 
aim in graphing the data is to average out the errors, to draw the graph 
so that some points are above it and some below (Figure 6.4). The graph 
should be close to as many points as possible. 

Occasionally, one point is so far from the rest that it does not seem to 
belong on the same line. The decision about what to do with that point 
depends very much on the circumstances and may not be clear without a 
lot more experiments. If there is good reason to believe that the point is 
erroneous, it may be ignored. A measurement is not judged to be erron- 
eous just because it does not fit a theory. Sometimes the experimenter is 
aware of some difficulty or discrepancy in one measurement. “I won- 
dered if I read the balance correctly that time.” “That sample did not 
look like the rest; I suspect I didn’t mix it enough.” Other times, such as 
when comparing a series of compounds, there may be reason to believe 
that one compound does not behave like the others in a series. In any 
case the measurement should be explained, not ignored, in describing the 
experiment, even if it is ignored in drawing the graph. 

A different situation occurs where one measurement is separated by 
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(a) 


(b) 


FIGURE 6.5 


quite a distance from the others. For instance, if measurements are made 
at 1, 2, 3, 4, and 60 min, the point at 60 min should tell quite a lot about 
the correct shape of the curve and thus about the behavior observed. In 
Figure 6.5 the decision on the shape of the curve depends on which 
point, a or b, is the one measured. It would be useful, in case of doubt, to 
do another experiment making measurements at points in between those 
previously measured. 


ee eae ae ee eee ee eee eee 
PROBLEMS 


6.1 Draw the graphs of the data indicated. Plot x or time on the hori- 
zontal axis. 
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Time (sec) 






(e) 





Time (min) 


6.2 Consider the following experimental data for measurements on a 
gas sample. Draw graphs as specified, being careful to label the axes 
clearly and to use the entire space. Comment on the information 
conveyed by the shape of each graph. 





(a) Plot P versus V. (A graph of P versus V is a graph having P on 
the vertical axis and V on the horizontal axis.) 

(b) Calculate 1/V for each value of V. Plot P versus 1/V. [Hint: 
When each number on an axis has the same exponential part, 
you can include the exponential as part of the definition of the 
unit plotted and mark only the coefficients along the axis. ] 

(c) Calculate the product PV for each measurement. Plot PV 
versus P. 


6.3. READING GRAPHS 


Plotting points on a grid is not especially useful in itself. When the points 
are connected to give a smooth curve (called a “curve” even when it is a 
straight line), the graph becomes useful in a number of ways. 

The graph serves as a visual “picture” of the data. It can show 
whether measurements represent a trend of some sort, or whether each 
event is unrelated to the others. If there is a trend, the graph lets you see 
what it is. 

There are two ways to read a graph. One 1s to read specific values 
from the graph, as shown on Figure 6.13. The other is to look for the 
overall picture represented by the graph. The picture may be simple or 
complicated, but it can be easier to grasp than the same data presented 
as a table of numbers. 

To understand the picture presented by a graph, you need to remem- 
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ber that the size of the quantity shown on the vertical axis increases as 
you go up (and decreases as you go down) and the size of the quantity 
shown on the horizontal axis increases as you move from left to right. A 
horizontal line, Figure 6.6(a), shows a situation in which y is the same no 
matter what the value of x. Here, y = 5. A vertical line, Figure 6.6(b), 
shows a situation in which x is the same no matter what the value of y. 
Here; x = 2: 

Most real situations involve changes in both quantities at once. 
Graphs like Figure 6.7(a) and 6.7(b) show the concentration of a com- 


Concentration of A 
Concentration of B 





FIGURE 6.7? 
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pound, plotted on the vertical axis, decreasing with increasing time, 
shown on the horizontal axis. This is what happens as a substance is 
used up in a chemical reaction. The fact that the shapes of the two 
graphs are different shows that there are several differences between the 
reactions. 


1. The reaction of substance A goes at a steady rate until it is used up. 
Mark off intervals on this graph and see that the changes are the 
same in the different intervals. The reaction of substance B slows 
down as time goes by. This is shown by the fact that the change in 
the size of the concentration of B is smaller for a given time inter- 
val at the right of the graph than it is at the left. The dashed lines 
mark off equal intervals on the horizontal axis. Look at how much 
the curve goes down in each of these regions. The change in one 
quantity that accompanies a given change in the other is called the 
slope of the curve. This is discussed in Section 6.5. 

2. At first, substance B reacts faster than does substance A. (The 
decrease in concentration of B is greater for a given time interval 
than is the decrease in the concentration of A. Later on, substance 
B is reacting slower than substance A.) 

3. From the different behavior of A and B, one can deduce that the 
equations describing the rates of the two reactions must be differ- 
ent. 

Two different things may be shown on the same graph. Figure 6.8 
shows the changes in the concentrations of two substances. It shows that 
A is being used up as time goes on (the concentration of A decreases 
going to the right) and that B is being formed (the concentration of B is 
increasing). 


Concentration 


Time 


PIU re. 6.8 
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Figure 6.9 shows two unrelated processes on the same graph. By plot- 
ting them on the same graph, you can see easily that B is increasing 
faster than A. 

The graph in Figure 6.10 shows a situation in which the behavior of a 
substance is different at different temperatures. 

A pure liquid is cooled at a steady rate and the temperature measured 
from time to time. The temperature is plotted against time. This graph 
shows at first just what one would expect. During the time the liquid is 
cooled (going to the right), the temperature goes down. Then, however, 


Temperature 
~~ 
=~ 


Time, min 


FIGURE 6.10 Cooling curve for a liquid. 
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there is a change in the curve; it suddenly levels off, showing that the 
temperature does not change as the liquid is being cooled at the tem- 
perature marked ¢,. Then, after a period of time, the temperature sud- 
denly starts dropping again, although not quite at the same rate as 
before (the slope of the curve is not the same). 

This sort of trend is especially easy to see when the data are plotted 
on a graph. The fact that a system shows different behavior in different 
regions is very interesting. What is happening to cause such a change? 
Sometimes, observation of the system gives a clue to the reason for the 
change. Other times, the pattern shown when experimental measure- 
ments are plotted on a graph is the first clue that there is something to 
be explained. Here, observation of the liquid while measurements are 
made would show that it is freezing (turning from a liquid to a solid) 
during the time the temperature remains unchanged. When all the liquid 
is frozen, further cooling lowers the temperature of the solid. The tem- 
perature ¢, is the freezing point of the substance. What would you expect 
the curve to look like if you heated the solid at a steady rate and if the 
temperature levels off during the time the solid is melting? 

This, incidentally, shows a limitation on the use of graphs to extrapo- 
late, to predict what will happen outside the region measured. That is, 
the behavior of the system may be different in different regions. There- 
fore, graphs and equations representing physical situations may apply 
only within certain limits. 

Graphs of physical measurements (measurements made on actual 
objects and systems) can have a variety of shapes. If you drop an object 
from a height and measure its position at intervals, you will get a set of 
data like that in Table 6.1. Plotting these points as distance traveled 
(ordinate) versus time (abscissa) and connecting the points in a smooth 
curve gives Figure 6.11. Look carefully at the curve. Notice that the 
curves goes through the origin; that is, at time 0 (start) the object has not 
yet fallen. At first it falls fairly slowly and the curve shows this by rising 
slowly. As time goes on (farther to the right on the curve), the line rises 
faster and faster, as the object falls, increasing distances in equal periods 
of time. We can say of the graph that the slope increases with time. We 
can say of the object that it is moving faster and faster, that is, acceler- 


TABLE 6.1 


Time (sec) Distance from Top (m) 


A WHO 
nDnwonhe oO 


— 
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Meters 
20 


15 


S 
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FIGURE 6.11 Graph of the distance an object falls versus time. 


ating as time goes on. The rate at which the motion of the object (or the 
slope of the curve) changes is the subject of differential calculus. 

Figures 6.12(a) and (b) shows other curved graphs. In Figure 6.1 3{a), as 
the quantity shown on the abscissa increases (going to the right), the 
quantity shown on the ordinate increases rapidly at first (curve goes up 
steeply). Then the increase slows down, and the change is rather slow 
(the curve rises slowly) at larger values of x. 


(a) (b) 
FIGURE 6.12 


6.3. READING GRAPHS 135 


The curve in Figure 6.12(b) shows the common situation in which an 
increase in one quantity is accompanied by a decrease in another: the 
larger x (the farther to the right), the smaller y (the lower the curve). Here 
neither x nor y is ever 0. This curve represents an equation of the type 
xy =k. An example of this type would be the measurement of the pres- 
sure and volume of a gas: the larger the pressure, the smaller the volume, 
but a given sample of gas can never have a pressure or volume of 0. 

Note that these curves look almost like straight lines in some regions. 
In graphing experimental data, it is not safe to measure a few points 
close together, find that they seem to lie on a straight line, and assume 
that the graph will really be a straight line; you might have accidentally 
measured a region where there is little curvature but would have found a 
very different graph if your measurements had covered a wider range. 


PROBLEM 


6.3 Describe in words the behavior shown by each graph. If no other 
coordinates are given, consider the abscissa as x and the ordinate as 


(a) (b) (c) 
(0) 
(g) 


(f) 
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Energy 


(h) Distance 
(i) 
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6.4. INTERPOLATION AND EXTRAPOLATION 


A very important use of graphs is to let you read the value of one quan- 
tity that is associated with a particular value of another quantity, 
without having to measure every possible value. If you need to estimate 
a value beyond those measured, you can extrapolate, that is, continue the 
line on the graph (add extra length) and read off the needed value. For 
instance, if you have made measurements for 20 minutes and you want 
to estimate what the value would be after |} hour, you would draw a 
continuation of the line out to 60 minutes and read off the value of the 
other quantity. (This assumes that the trend continues exactly as it 
started, something that is not always true.) If you need to find a value in 
between those you have measured, you would interpolate, that is, read 
the intermediate value from the graph. 

Assume that you are riding along a highway that has very few mark- 
ings to show where you are. You are traveling at a steady 55 miles/hr, 
and after a while you start wondering how far you have gone. It is simple 
enough to figure that after 1 hr you have traveled 55 miles, or after 30 
min 22.5 miles, but what about the times in between? How far did you 
go in an hour and 25 min? On this long, dull stretch, it may be a diver- 
sion to do the arithmetic, but it is far easier to use a graph of distance 
versus time. 

Knowing that at time 0 you had traveled 0 miles, at 60 min 55 miles, 
and at 120 min 110 miles, you can put these points on the graph and 
connect them with a straight line, Figure 6.13. Then you can look at 
your watch, see that you have been riding for 1 hr 25 min, find that point 
on your graph, and read off that it corresponds to 78 miles traveled. 
(This is only correct, of course, if you are traveling at a steady speed, but 
we already stated that as a condition. If your speed varies unpredictably, 
naturally it will not be possible to predict exactly where you will be at a 
given time. Nevertheless, if you average 55 miles/hr, the graph will tell 
you approximately how far you have gone.) 
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100 


Miles 


50 





Min 
FiGURE 6.13 Graph of distance traveled versus time. 


6.5. SLOPE 


The slope of a curve is a measure of how fast the curve is rising or falling 
and, therefore, of how fast the quantity plotted is increasing or decreas- 
ing. The numerical value of the slope of a straight line is especially useful, 
because it is the proportionality constant m in the general equation for a 
straight line, 


y=mx+b 


where y is whatever quantity is plotted on the vertical axis, x is whatever 
quantity is plotted on the horizontal axis, and 6 is the intercept, the value 
of y when x = 0 (the place at which the line intercepts the vertical axis). 
For many systems, this constant m gives the value of a quantity of physi- 
cal importance. 

For a graph that is a straight line, the slope is determined by choosing 
two points on the line and measuring the change in the quantity plotted 
on the vertical axis and the change in the quantity plotted on the hori- 
zontal axis. A change is always measured as the final value minus the 


initial value. 


slope = Vinal — Vinitiat 
Xtinal — initial 
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This means that the slope of a line that goes down as it goes to the right 
is negative (final value smaller than initial value). The slope of a line that 
goes up as it goes to the right is positive. 


@ EXAMPLE 1 


Calculate the slope of the line for each graph (Figure 6.14). Write the 
equation for each line. 











50 (70, 38) 5 (0.4, 3.8) 

40 4 

te ‘ (5.6, 1.0) 

20 2 ie 

10- e—<-——-—-—-—- 1PpU——-——-—— 

0 10 20 30 40 50 60 70 80 (ok 6-9 a G6 oe 


(a) (b) 
FIGURE 6.14 


Mark two points on the line that are reasonably far apart. Do not 
simply choose two experimental measurements. From the graph, read 
the coordinates of each point. 

(a) The coordinates of the two points are (70, 38) and (18, 10). 


Ys = 38 y, = 10 x, = 70 x, =18 


Since the line crosses the y axis at x = 0, the equation for the line is 
y = 0.54x + 0 or y = 0.54x 
(b) The coordinates of the two points are (0.4, 3.8) and (5.6, 1.0) 


dope. Cee 2.8 0.54 
Pee (alt ee ee 


The intercept is y = 4. The equation for the line is 


y= —0.54x + 4 & 
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In scientific work one often plots the logarithm, the reciprocal, the 
square, or some other function of a measured quantity, rather than the 
quantity itself, in order to produce a graph that is a straight line. When 
drawing such a graph it is important to be especially careful in labeling 
the axes, to make clear exactly what is being plotted. A straight-line 
graph has a number of advantages. There is no uncertainty about the 
exact shape of the curve, as there might have been in Figure 6.5 in 
extending the curve to point b. Therefore, intermediate points can be 
read off the graph reliably. A straight line is useful when a numerical 
value for the slope is needed; it is much easier to measure the slope of a 
straight line than that of a curved line. 

Sometimes the shape of a graph can be used to give a clue to the 
physical behavior occurring in an experiment. For instance, in a kinetics 
experiment the concentration of reactant is measured at various times f. 
In one possible type of reaction, the logarithm of the concentration is 
directly proportional to the time. In another possible type of reaction, 
the reciprocal of the concentration is proportional to the time. If you 
plot the logarithm of the concentration against time on one graph, and 
the reciprocal of the concentration against time on another, you can see 
which gives a straight line and therefore know which type of reaction is 
occurring. 

If it is necessary to measure the slope of a graph that is not a straight 
line, a tangent must be drawn at the point of interest. A tangent is a 
straight line that just touches the curve at one point. The slope of that 
tangent line is the slope of the curve at that point. 


PROBLEM 


6.4 For all graphs in Problem 6.1 that are straight lines, 

(a) Determine the slope of the line. 

(b) Measure the value of the intercept (the point where the line 
crosses the vertical axis). Write the equation for the line, by 
substituting the values of the slope, m, and the intercept, b, into 
the equation y = mx + b. 
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two sides are equivalent, and remain so, as long as they are not changed 
in different ways. 

Usually, in an equation containing letters, one wants to “solve for x, 
that is, find what value of the unknown or variable satisfies the equation. 
(Of course, this unknown or variable may be designated by any conve- 
nient letter or symbol, not just by x). A value of x satisfies the equation 
(is a solution or root of the equation) if, when it is substituted for x, the 
equation remains true. For instance, x = 2 is a correct solution of the 
equation x + 3 = 5, since 2 can be substituted for x and the equation 
will remain true. 


2+3=5 
5=5 


Any other number, such as 1, is not a correct solution. If 1 is substituted 
for x, the equation does not remain true, which proves that ! is not a 
root of the equation: 


1+345 
445 


In an equation that contains only one letter, the unknown, the letter 
can have only certain specific values, which are called solutions or roots 
of the equation. There will be as many roots as the highest power of the 
unknown. That is, if the unknown appears to the first power only, there 
is One root; if it is present to the second power, there are two roots; and 
so forth. 

In an equation that contains two or more letters, the letters are 
known as variables, since their values are not fixed. If specific values are 
assigned to all but one of the letters, the equation is converted to one 
with-a single unknown and can be solved for the value of that unknown. 
Alternatively, the equation can be solved for any one of the variables in 
terms of the others. That is, the solution will not be a single numerical 
value but an expression containing the other variables. 


If 
X+yp=2 
then 
X=zZ-—y 
and 
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The following section discusses procedures for solving linear equa- 
tions, equations in which no term appears to higher than the first power. 
(These are called “linear” because graphs of such equations are straight 
lines.) These procedures can be used for any equation in which the vari- 
able being solved for appears only to the first power, even if other vari- 
ables appear to higher powers. Methods of solving equations containing 
the unknown raised to higher powers and methods of solving simulta- 
neous equations will be presented in Chapter 9. 


7.2. SOLVING LINEAR EQUATIONS 


The first step in solving an equation for one variable (or unknown) is to 
isolate that variable. That means that all terms containing that variable 
are on one side of the equals sign and all terms that do not contain the 
variable are on the other side of the equals sign. (Remember: A term is a 
quantity added or subtracted. A factor is used to multiply something.) 

A quantity can be removed from the side of the equation where it is 
not wanted by the inverse operation of the one that placed it there. That 
is, if the number is shown as added, it can be removed by subtraction 
(strictly speaking, by adding the additive inverse, which is the same 
number with the sign changed). If a number multiplies x, it may be 
removed by division. If a number divides x, appearing as the denomina- 
tor of a fraction, it may be removed by multiplication. For every oper- 
ation performed, the same thing must be done to both sides. 


m@ EXAMPLE 1 


Solve for x. 

x+5=7 
To isolate the x, the term +5 must be removed from the left side of the 
equation. This can be done by subtracting 5 (or adding —5, which 
amounts to the same thing). The 5 must be subtracted from both sides of 


the equation. 
Subtracting 5 from both sides, then combining terms, gives 


ee ee 
x=2 = 
@ EXAMPLE 2 


Solve for x. 


27=x-y 
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To isolate the x, the —y must be removed from the right side of the 
equation. (It does not matter whether the x is on the left or the right; the 
procedure for separating terms containing x from terms that do not 
contain x is the same.) To remove the — y, it is necessary to add +y to 
both sides of the equation. 


aN Ny choy 
Grouping, we obtain 
Dee x | 
If you look carefully at Examples 1 and 2, you may notice that it 


looks as if a quantity had simply been moved from one side to the other 
side with the sign changed: 


x +S = 7 
x=7-5 
and 
= =p 
21+ p= x 


This is indeed the effect of the operation performed. People who are 
experienced in solving equations usually think of the Operation as “move 
it to the other side and change the sign” and do not write out the inter- 
mediate steps. Although you should write out all the steps until you feel 
very confident about what you are doing, you should be able to recog- 
nize what is being done if you see someone solving an equation without 
bothering to write all the steps. 

For most equations, solving for x requires more than one step. Start 
by grouping terms that contain the unknown on one side, and terms that 
do not contain the unknown of the other side. Then perform such other 
operations as are necessary to obtain a value for the unknown. 


EXAMPLE 3 


2x —6 = 10. 
Group all terms that contain x on one side and all that do not 
contain x on the other. This requires adding 6 to both sides. 


2x -6+6=104+6 
2x = 16 
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Now, since x is multiplied by 2, remove the 2 by the inverse operation, 
division. That is, divide both sides by 2. 


2x _ 16 
pate 
x=8 


Check by substituting 8 for x in the original equation: 


2(8) — 6 = 10 
16—6=10 
10= 10 Therefore, the value x = 8 is a correct solution for 
the equation. | 
M@ EXAMPLE 4 
5x —7=2x +2. 


To group all terms containing x on one side, subtract 2x from both 
sides. To group all terms that do not contain x on the other side, add 7 
to both sides. 


5x —-7-—-2x+7=2x+2—2x+7 


Sx 9 
Then divide both sides by 3. 
saga 
3 
=3 = 


@ EXAMPLE 5 


2x + 4y = 8. (a) Solve for x; (b) solve for y. 
(a) To solve for x, group all terms that do not contain x on the same 
side; this includes terms containing y. 
2x + 4y—4y=8 —4y 
2x =8 — 4y 
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Then divide by 2, being careful to divide every term. 


x8 
ae i) 
x=4-2y 


(b) The same sequence of steps is used to solve for y. All terms that 
contain y are grouped on one side, and all terms that do not 
contain y are grouped on the other side. 








2x +4y=8 
4y = 8 — 2x 
Ay oe ON 
oe 4 
Ae 
y= a or a or 2 — 0.5x 
The result can be expressed in any of the ways shown. & 


From here on, the individual addition, subtraction, multiplication, 
and division steps will not be shown. If you need to see them to verify 
the results shown, be sure to write them out. 


a 


PROBLEMS 


For all problems, check your answer by substituting into the original 
equation. 


7.1. Solve for x. 


(a) x+3=7 
*(b) x —3 <7 
(c) x+y=27 
(a) 28 =A 
(e) 2x = 6y 


*(f) 2x-7T=x+6 

5X +9 = 2x + 30 
Hy) 25k +3 Ss (Sx 
1) 4x + 0.2 = 6.6 


p ee Salve for x. 
(a) 3x + y=27 *(b) Sx —2y = 15 
(y) 3x +6y+4=10 (d) x + yz =0.5 
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“(C) ax ps =) () ax—3= yz 
(g) ax—y= bz (h) axy—bz=0 
(1) 2xz—3ay=0 
7.3. Solve all parts of Problem 7.2 for y. 
7.4 Substitute the values given into the equation and solve for the 
remaining unknown. 
fa) [TH OH] = 10° (H"*}= 10” 
(b) fH" (OH }= 10-“ (OH) = 10° ™ 
(c) [Mg**](OH]* = 1.2 x 10°''; [OH] = 60 x 10°? 


7.3. EQUATIONS CONTAINING FRACTIONS 


It is very common to encounter equations that contain fractions. Some 
examples are 


ax 
54229 

3 

8 
ee 

x 

l 
x+5=2 


If fractions occur only in terms that do not contain variables, as in the 
last example, the fractions may either be left as fractions or converted to 
decimals, and may be used like any other numbers. More often, however. 
variables are present in the fractions, and it is necessary to clear the 
fractions, that is, to convert the equation to one that does not contain the 
unknown as part of any fraction. 

Since a fraction indicates that the numerator ts to be divided by the 
denominator, the denominator(s) can be removed by the inverse oper- 
ation, multiplication. To avoid changing the meaning of the equation, 
the same multiplication must be done on every term. Therefore, the first 
step in solving an equation involving fractions is to clear the fractions by 
multiplying every term in the equation by the denominators of all frac- 
tions. 

Two variations on this rule can sometimes be used to save arithmetic. 

Multiply all terms by the lowest common multiple of the denomina- 

tors of the fractions. 

OR Multiply by the denominators of all fractions that have the vari- 

able as part of the fraction. Terms that do not contain the variable 

remain as fractions. 
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@ EXAMPLE 6 


Solve for x. 


2x 


a ee oe 
‘er 


Multiply all terms by 3. 


2 
365 +3 (=) 30 


yt 2x = 27 
Then 
2¢= 27 = 15y 
(Sy 
se is pete no 


2 


Check the answer by substituting into the original equation. 


27 — \Sy 
2 
( 2 


5 =9 
yor 3 
27 —15 
Sy +——_—* =9 
3 
Sy+9-—S5y=9 . a 
fH EXAMPLE 7 
Solve for v. 
8 
-=2 
v 


Multiply both sides by v. 
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m@ EXAMPLE 8 


Solve for a. 
b 
—~=6 
+ 5 


Multiply all terms by both denominators. 


a b 
5) - a 
B ( ($) +3 (5) 3 (5}(6) 


5a + 3b = 90 
Sa = 90 — 3b 
90—3b 90 3b 
a 1M > hee ee & 


Any of the ways of showing the right side is correct, but the last is 
probably the most useful. If the value of b is found by some other mea- 
surement, it can easily be substituted and the numerical value of a calcu- 
lated. 


@ EXAMPLE 9 


Solve for T. 


Multiply all terms by all three denominators. 


abT (5) + abT (5) ship () 


bT + aT = ab 
T (a + b) = ab 
ab 
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@ EXAMPLE 10 


Solve for a. 


This can be cleared of fractions by multiplying by all three denomina- 
tors. However, the right side, which does not contain a variable, can be 


converted into a decimal. 


a n 


59 + 54 = 0.0200 
9.0 a(“) +9.0 ea( 2) = 0.0200 (9.0)(24) 
24a + 9.0n = 4.3 
24a = 4.3 — 9.0n 
a 4.3 — 9.0n 
24 
= 0.18 — 038u a 


In Example 10, it would be possible to save arithmetic by waiting to 
multiply the right side until after all possible canceling had been done: 
24a + 9.0n = 0.0200 (9.0424) 
24a = 0.0200 (9.0(24) — 9.0n 
ee 0.0200 (9.0424)  9.0n 








24 24 
= 0.18 — 0.38n 
PROBLEMS 
7.5 Solve for x. 
. x +3 = eae 
(a) 3 (b) 7s 8 
8 x 
(c) -—=2 igive=e 154 
x 2 
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(g) : = Tab? th) ee 
(Ww) 5 Fs 0) op we 
(Ww) eave 0) ae. 
(&) ey ‘ ; 


7.6 Solve for x. 


fa) = +2 =15 +h) = 4220 
Zz 3 x 
4 ee 
(@) =+2=10 (A) ce ieee) 
x Yo y 
3 oy TT ae ae 
x n how eee 8) 
ie () 19+ 55720 
i he 
(eee cece 
x <a 


7.7. Solve for x, including units as well as numbers in your answer. 
Treat the units as if they were letters. 














mol 2 mol 0.50 g 4 
* 4 —_- = S@ ee Hi Se 
(a) i x (Wb) x ° mol 
mol x gz x 
= = * 039 —— = 
sels Hee 20 % e om*® 40:em? 
g 208 x latm 
() gsar ewe 0 J0L~ 20L 








\| 


2.0 atm 1 atm 
es x 5.0L 
7.8 Substitute the values given into each equation and solve for the 
remaining unknown. 
2) 
*(a) ag be 30; c= 15 


Cc 


a 2 


() aioe! hakbenb = 76 
ae 
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* rE soe -4, a -2 = ,-2 
(d) TAFT =35x 1074; [F7]=10-2, [HF] =10 


Note: See the results of part (d). What is [H*] whenever [F- ] = [HF]? 
ie) Same equation as part (d); [H*] =[F ] = 1.9 x 10°? 
‘( Same equation as part (d); 


[H*J=18x10°', [F-]=5.0« 1075 


ae [HEN J ae 
fe en 


we ae 


[CN -y=10-°,. [HCN] = 107 


7.4. WRITING EQUATIONS 


Scientific work involves description not only of what occurs but 
(especially) of how much. Measurements and quantitative descriptions are 
essential to a meaningful scientific discussion. These quantitative descrip- 
tions can be expressed in words, but mathematical equations are prefer- 
able for a number of reasons. 

1. The mathematical equation is shorter than the description in 
words. Compare the sentences and equations in the following sec- 
tions. 

2. It is easier to express a precise meaning mathematically. 

3. If calculations or predictions are to be made, an equation is 
needed. 

4. The language of mathematics is the same throughout the world. 
Sentences are subject to problems in translation from one language 
to another. 

To translate a sentence in words into one in mathematical notation, 

the following procedures are used: 

1. Assign a mathematical symbol to each quantity defined. It is con- 
venient to use a single letter, but a descriptive word or phrase may 
be used. Write down what each symbol stands for. 

2. Use the notation of mathematics to show the relation between 
these symbols. 

3. Use an equals sign to show what is equivalent to what. The equals 
sign is the verb of the sentence, especially when the verb is a form 
of “to be.” 
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Let us see how this works in a trivial example. Write an equation for 
calculating the net weight of the contents of a package, knowing the total 
weight ¢ and the weight of the packaging materials p. The net weight n 
will be (=) the difference (subtract) between ¢ and c. 


n=t—p 


Similarly, write an equation for the mass of an alloy (mixture) of alu- 
minum and nickel. The mass of the alloy is the sum of the masses of the 
two elements. Let m= mass of the alloy, a = mass of aluminum, and 
n = mass of nickel in the alloy. As before, 


m=a+4+n 


This looks obvious, but it might have looked less obvious if the ques- 
tion had been phrased: “Give an equation for the mass of aluminum in a 
2.00-g sample of an aluminum-nickel alloy.” Here the total mass of the 
alloy is known, so the equation becomes 


2.00 g=a+n 
This equation can be solved for a, the mass of aluminum. 
a=2.00g-—n 


This makes sense; the mass of aluminum is the difference between the 
total mass and the mass of nickel. 

You might find it helpful in a problem like this to draw a picture 
(Figure 7.1). Although the aluminum and nickel are actually mixed in the 
alloy, the picture will be easier to relate to the equation if they are drawn 
as separate parts of a bar of metal. 

Sometimes it is necessary to sort out the information given and 
perhaps to write it in two or more verbal statements. Then each of these 
can be translated into a mathematical statement. 








aluminum nickel 


FGUWAR Eee 
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@ EXAMPLE 11 


There exist two numbers such that their sum is 16 and their product is 
63. What are the numbers? j 
Here, two ideas are conveyed. Each can be stated as a sentence: 


The sum of two numbers is 63. 


The product of the same two numbers is 63. 


Again, it is convenient, although not necessary, to use letters as the 
symbols for the two numbers, and then to use these symbols in trans- 
lating the sentences into equations. Let x = one of the numbers; let 
y = the other number. Then 


x +y=16 (The sum of the two numbers is 16.) 


and 


xy = 63 (The product of the two numbers is 63.) | 


@ EXAMPLE 12 


Write an equation for the sentence, “Tom is twice as old as Ann.” This is 
not a statement about Tom and Ann in general but is a statement about 
their ages. The sentence could be rephrased, “The age of Tom is twice 
the age of Ann.” 

Let t = Tom’s age. Let a = Ann’s age. Then 


t= 2a_ since “twice” means multiplication by 2 


@ EXAMPLE 13 


“In 5 years, Tom will be 1.5 times as old as Ann.” Rephrase, “Tom’s age 
in S years will be 1.5 times Ann’s age in 5 years.” Note that Ann as well 
as Tom will be 5 years older. The fact that the ages of both increase is 
implied in the situation described, even though it is not stated specifi- 
cally. It is important to consider the physical reality of the situation for 
such clues. 

If t = Tom’s age now, t + 5 = Tom’s age in 5 years. If a = Ann’s age 
now, a + S = Ann’s age in 5 years. Then 


t+5=15(a4+5) a 
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PROBLEMS 





7.9 Write an equation to express each of the following. 


(a) 
(b) 
(c) 
*(d) 
(e) 


The sum of two numbers is 23. 

The difference between two numbers is 6. 
The product of two numbers ts 70. 

One number is three times as big as another. 
One number ts 5 more than another. 


7.10 Write an equation for each. 


*(a) 
(b) 
(c) 


*(d) 


() 


If Smith, Brown, and Jones pool their funds to form a part- 
nership, what is the total capital (money available)? 

Tom and Huck are painting a fence. How many feet of fence 
will get painted? 

How much meat must you buy for a dinner party if you 
figure 0.5 lb for each guest? 

How many bottles of wine will you need if you figure a 
bottle for every three guests? 

How many rose bushes should you buy if you plan to put 
three in each flower bed? 

What mass of iron can be obtained from an ore if there is 1 
kg of iron in every 20 kg of ore? 

How many moles (a mole is a chemical unit of measure) of 
hydrogen will be formed in a process in which | mole of 
hydrogen is formed for every mole of zinc used? 

How many moles of hydrogen are formed if 2 moles of 
hydrogen are formed for | mole of oxygen formed? 

How many chloride ions are present in a solution if two 
chloride ions (Cl) are formed from each zinc chloride 
(ZnCl,) unit that dissolves? 

How many phosphoric acid (H,PO,) molecules are present 
in a solution if for every x molecules originally put in, y 
molecules have broken up to form H* and H,PO,j ions? 


7.5. READING EQUATIONS 


It is possible to draw inferences from algebraic equations even without 
putting in numbers to see the results. Perhaps your teacher has written 
an equation on the board and said, “From this you can see that....” It is 
entirely possible, with a little practice, to see a great deal from an equa- 


tion. 


It is useful to define the concepts dependent variable and independent 
variable. Let us consider the equation x + y = z. This tells us that the 
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sum of two quantities, x and y, must be a quantity, z. For instance, if 
x = 2 and y = 4, z must equal 6. Here two of the variables, such as x and 
y are independent variables, since each may have any value and still 
leave the equation correct; z is then a dependent variable, since its value 
depends on those chosen for x and y. It is equally possible for x and z to 
be the independent variables, leaving y as the dependent variable or for y 
and z to be independent and x dependent. For example, if x = 2 and 
z=I1, y must be 9. We can choose whichever variables we want as 
independent, but one of the variables must be dependent; it is not possible 
for all variables in an equation to be independent. 

Consider the simple equation y = 2x. Either variable, x or y, but not 
both, can be independent. The other is then dependent. If we choose x as 
the independent variable, the value of y depends on the value of x. We 
say that y varies with x, to mean that a change in x results in a corre- 
sponding change in y. How will the value of y vary with x for this equa- 
tion? If x increases, y must increase, not at the same rate but twice as 
fast, as a result of the coefficient 2. If you cannot see that this is so, try 
assigning some values to x and calculate y. 


x (assigned arbitrarily) 






y (calculated) 


7.6. EQUATIONS SHOWING PROPORTIONALITY 


In the relationship described by the equation y = 2x, y is said to be 
directly proportional to x. That is, y changes in proportion to x and in 
the same direction, going up when x goes up and down when’ x goes 
down. Direct proportionality is sometimes shown by the expression 


ya x read “y is proportional to x” 
Such an expression is converted into an equation by replacing the pro- 
portionality sign, oc, by an equals sign, =, and multiplying by a con- 
stant (generally called the proportionality constant). The numerical value 


of this constant can be determined experimentally. 


yox becomes y = kx 


Equations for proportionality can appear in other forms. The equa- 
tion 


y = 2x 
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can be rearranged to give 


How would you interpret this equation? The fraction y/x must always 
have the same value, 2. Therefore, any change in x must be accompanied 
by a change in y in the same direction. That is, if x increases, y must also 
increase. Try the values of x and y from the table in Section 7.5; they will 
still make the equation true. This, then, is another way to show that two 
quantities are directly proportional. 
Another type of proportionality is represented by the equation 
I k 
yo or y= 
x > 


where y is inversely proportional to x. If x increases, y must decrease, 
and conversely a decrease in x means an increase in y. The larger the 
denominator of a fraction, the smaller the entire fraction. (If you have 
trouble seeing that this is so, think of cutting an object such as a pie into 
pieces. If the object is cut into more pieces, each piece will be smaller. 
The fraction 1/4 is smaller than 1/2, since it represents the cutting into 
four pieces rather than two. Another approach would be to calculate the 
decimal value of a few fractions, such as 1/4, 1/2, and 1/10. You will see 
that, as the denominator of the fraction increases, the value of the frac- 
tion decreases.) 
The equation for inverse proportionality can be rearranged to 


yak 


where k is a constant (always has the same value). 

If an increase in x as the denominator of a fraction means a decrease 
in y, what can we say about the equation as rearranged? It should be 
clear that the same thing is true; an increase in x requires a decrease in y 
so that their product will not change. If, for instance, k = 20, let us set up 
a table of possible values of x and y (Table 7.1). Notice that in order for 


TABLE Fo 1 


20 20 
0 20 
5 20 
4 20 
2 20 


ouwMufanN = 


— 
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their product to remain constant, the values of x and y do not change by 
the same amount. When x goes from | to 2, it changes by | unit while y 
must change by 10 units. In going from 4 to 5, x again changes by 1 unit, 
but y this time changes by only ! unit, from 5 to 4. 

Inverse proportionality is encountered very frequently in science. That 
is, there are many situations in which an increase in one measurement 
must be accompanied by a decrease in another. For example, in mea- 
surements of a gas at constant temperature, increasing the pressure 
pushes the molecules closer together so that the gas occupies less 
volume. The situation is described by Boyle's law 


PV =constant 


or 
P= 


where P is the pressure and V is the volume. (This equation applies only 
to gases, not to liquids and solids. Only in gases is there room between 
the molecules so that they can move closer together.) 

Another example describes solutions of relatively insoluble ionic com- 
pounds like silver chloride, AgCl: 


K =[Ag*][{Cl-] Where K is a constant, [Ag*] is the concentration 
of silver ion in solution, and [Cl] is the concen- 
tration of chloride ion in solution. 


Here, an increase in the concentration of one ion, as by adding another 
source of Cl”, causes a decrease in the concentration of the other; some 
Ag’ leaves the solution to form more solid AgCl. 

One variable may vary as a higher power of another. 


= kx? yy is directly proportional to the square of x. 
k Aa , 

y=~z ys inversely proportional to the square of x. 
x 


In these the changes are in the same direction as when the first power of 
x is used but the size of the change is much greater. An example of such 
dependence on the square of a variable can occur in certain chemical 
reactions, where the rate is directly proportional to the square of the 
concentration of one of the substances reacting. 


rate = kc? where c is the concentration of the reactant 
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There are many examples of effects that are inversely proportional to the 
square of the distance between two objects. For example, the amount of 
light reaching an object of a given size varies inversely as the square of 
the distance between the object and the light source. 


k 
amount of light = p 


If the object is moved twice as far from the light source, it will receive 
1/(2)?, or 1/4, of the amount of light. 


An equation for describing a rate change often shows one quantity 
proportional to the logarithm of the other. (See Chapter 8.) 


x o log y or x=k logy 


Logarithms tend to seem to most poeple more like mathematical trickery 
than like anything having to do with physical reality. However, it is fre- 
quently found that the rate of a change is directly proportional to the 
amount (strictly speaking in most situations, the concentration) of start- 
ing material present. Mathematically, the rate of change is given by a 
differential. Converting such a differential equation to an algebraic equa- 
tion (integration) gives an equation with a logarithmic term in it. 

In all the equations discussed so far, there has been only one indepen- 
dent variable and, necessarily, one dependent variable. In practice, in 
most situations there are a number of things that can be varied. Does 
this mean that the types of variation considered so far are rare excep- 
tions? Not at all. Even where there are many possible variables, it is still 
useful to consider a situation where most are held constant, and we are, 
in effect, looking at the result of changing only one of the variables. 

Equations for physical phenomena often involve several kinds of pro- 
portionality. Coulomb's law describes the force between two charged par- 


ticles by the equation 





where q, and q, are the charges on particles | and 2, respectively; K is a 
constant whose numerical value depends on the surroundings and on the 
units used; and r is the distance between the particles. The equation for 
Coulomb’s law shows that F is directly proportional to q, and q, and 
also inversely proportional to the square of the distance between them. 
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We can estimate the kinds of changes that occur when only one or 
two of the variables are changed. For example, consider two ions 
(charged particles), of equal size but having different charges, such as 
sodium ion, Na‘, and calcium ion, Ca?*, each in the vicinity of ions of 
opposite charge, such as Cl”. The charges indicated in the superscript 
are the charges used in the equation. How does the force of attraction 
between Na* and Cl” compare with the force of attraction between 
Ca?* and Cl? Since the sodium ion and the calcium ion are essentially 
the same size, the distance r between the centers is the same both times. 
If they are measured in the same medium, say, air, the constant K is the 
same. The negative charge, —1, is also the same. Therefore, the only 
variables are the size of the positive charge, q;, and the force, F. The 
force F is directly proportional to q, so that if q, goes from +1 to +2, 
the force must double. In other words, the attraction between a Ca2* ion 
and a Cl” ion is twice as great as that between an Na* ion and a Cl~ 
ion. 

It would be possible to use the same equation to make a comparison 
of the change in force of attraction if the distance between the ions 
changes, but the charges are the same. For instance, one compound con- 
tains Cl” and Ca?®* ions, radius 0.099 nm. Another compound contains 
Cl” and Mg?*, radius 0.066 nm. The distance between atoms or ions is 
considered to be that between the centers of the atoms or ions. The total 
distance between centers is the sum of the radii of the two atoms or ions. 
(Cl~ has a radius of 0.181 nm.) Since the force of attraction is inversely 
proportional to the square of the distance between the charged particles, 
the smaller the ions, the greater the force of attraction. Therefore the 
force of attraction is larger for the compound containing Mg?* than for 
that containing Ca?*. 

What would have happened in the calculation if there had been more 
than one independent variable? For example, instead of comparing 
Mg’* with Ca’*, we might wish to compare Mg?* (radius 0.066 nm) 
with Na‘ (radius 0.099 nm). This time both the charge and the distance 
vary. It is still possible to make a qualitative estimation of the difference 
without doing the complete calculation. When the charge on the ion is 
increased from +1 for Na* to +2 for Mg?*, the force of attraction is 
doubled. The distance between opposite charges is smaller for the smaller 
Mg?*. Therefore, the force of attraction is even larger, since it is inversely 
proportional to the square of the distance between the charges. If the 
two effects are combined, the force of attraction between Mg?* and Cl7 
is then considerably more than twice as great as the force of attraction 
between Na* and Cl . 

To summarize the calculations with Coulomb's law, an equation 
involving several variables can sometimes be considered in the same way 
as an equation with only one independent variable by selecting condi- 
tions where some of the possible variables are fixed (effectively becoming 
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constants for the time being). Then estimates can be made of the extent 
to which the dependent variable varies with changes in the one remain- 
ing independent variable. 


PROBLEMS 


7.11 Describe in words what happens in each case. k is constant. 
*(a) If PV =k, what happens to P if V increases? 
(b) If V = kT, what happens to V as T increases? 
(c) If PV = kT, what happens to P if V does not change, but T 


decreases? 
(d) If E = JR, what happens to / if R increases with no change 
in E? 
(6) af 
uy — mo! 
V 


what happens to M if V is increased with no change in 
“mol?% 

(f) In the equation for part (e), what happens to “mol” if M is 
increased with no change in V? 


7.12 Compare the equations 
E=IR and Parr 


(a) What happens to E if J is increased with no change in R? 

(b) What happens to P if / is increased with no change in R? 

(c) If J is doubled, do both E and P change by the same amount? 
Explain. 


7.13  *(a) Ifx + y = 27, what happens to x if y increases? Are x and y 
proportional? 
(b) Ifx — y = 2, what happens to x if y decreases? 


7.14 In the equation 





Vp is constant. 
(a) What is the effect on a if both V, and ¢ decrease? 
(b) If Vy > Vand t is positive, what is the sign of a? 
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7.15 The fundamental frequency, v, of a vibrating string (as on a violin 
or piano) of radius r and length / held at tension T is given by 


eee 
On nd 


How ts the frequency v affected by 
(a) using a thinner string? 
(b) using a longer string? 

*(c) tightening the string? 


7.16 In the equations that follow, 
To what term, if any, is the term on the left directly proportional? 
To what is it inversely proportional? 
Does the equation show no proportionality? 








G E 
“a) .D=_= by P= 
(a) Cu, (b) R 
*(c) H=E+PV (d) W=Pt 

vy 
2 Nae ia () T= | 

9 

l n> —1 M 

Oe og hee Aras se 
SOLUTIONS 


TO STARRED PROBLEMS 
ee itrreianpepeneeseaerenmnicsennb Soin meen asia sa ee 


7.1(b) x-3=7 To remove the —3, add +3 to 
both sides. 
x¥—-3+3=743 Combine terms. 
x = 10 
(f) 2x-7=x+6 Subtract x from both sides to 


remove it from the right side. 
ae THK — +6 
x=] =6 
x= 17 4+7=6.47 Add +7 to both sides. 


x = 13 
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T.20) icy S15 Isolate the term in x on the left. 
It = oY + Zur 15 2p Remove the 2y term from the left 
side. 
3x = 15 + 2y 
ox Id + 2y 
on 
15 + 2y 13° 2y, 2y 
hoa rs et ey) ee 
x 5 or 5 SL 5 oe 5 


(ec) The procedure is identical to that for Problem 7.2(b), but here 
all terms use letters. 


ax+yz=b Isolate the term containing x. 


ax + yz — yz=b— yz 





ax byz Divide by a to remove tt from 
the left. 
ax. b= 
a a 
b — yz 
x= 
a 
u 


7.3(b) Solve for y. 
5x —2y = 15 


Here y appears in a negative term. There are two ways to solve 
for a positive y. One is to add 2y to both sides, effectively 
moving the y term to the right side of the equation. 
Sx —2y+2y = 154 2y 
Sx 
Sx — 158 = 15 — 154 2y 


15 + 2y (Now solve the usual way.) 





Sx — 15 2y 
a 

5x — 15 
al 





Z 
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The other procedure ts to consider y to be multiplied by —1. To 
remove the —1, then, just divide all terms by —1, which has the 
effect of changing the signs of all terms. Notice that dividing by 
—1 has the same effect as multiplying by —1, and it is more 
common to say that one multiplies. 





Be os fe oat 
-!1 -!f! -1! 
Sx = 15 + 2y 
Sx 15+2y 
es 
15 + 2y I 2y 2y 
= ——— met fee, BES 
x 5 or mets a 


(e) The procedure is identical to that for Problem 7.2(b), but here 
all terms use letters. 


ax+yz=b Isolate the term containing x. 


ax + yz— yz = b — yz 








ax = byz Divide by a to remove it from 
the left. 
ax b—yz 
qs a 
b — yz 
fb, ee — 
a 


1.(a) First clear of fractions by multiplying both sides by the denomi- 
nator of the fraction, 8. Then solve as usual. 


x +3 
8( 7 ) = 82) 


x +3 = 8(2) 
x=16-3=13 





(e) Clear of fractions by multiplying both sides by the denomina- 


tor, x. Then solve. 
a 
xe 


a= bx 
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G) 


7.6(b) 


This is the equation for finding the Celsius temperature equiva- 
lent to —40°F. Add the terms in the denominator before doing 
anything else. 





ele ae 
=A) = 39 § 
x _3 

= 1). 0 


Now the entire equation could be cleared of fractions, but it is 
faster and easier just to multiply by —72 and leave the 5/9. 
There is no real objection to fractions in terms that do not 
contain x. In fact, if both sides were multiplied by 9, they would 
have to be divided again by 9. (Try it and see.) 


®) 
(-72) = =5(-7) 
x=5(-7) 
= —40 


You can either start by clearing of fractions or by moving the 2 
to the other side of the equation. In either case you must, either 
as the first or second step, multiply all terms by x. Remember 
that zero times anything is zero. 


x(2)+x@=x0 
x 


8+2x =0 
2x = —8 
—§ 
fa ed 
aaa 
Or else, 
8 
—-+2=0 
x 


229 


S 
x 
8 = —2x multiplying by x 
: 
2 


=X dividing by —2 
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(ce) First, clear of fractions by multiplying all terms by the denomi- 


nators, xyT. 
or (j)+9r({)=o7(5) 
V8 0 Fea a2 1A Ui Ie = 
x y T 
VT XT = xy then group terms contain- 
ing x 
xT —xy = —yT factor out the x 
x (T — y)= -yT divide by the coefficient 
of x 
as 
aa ae 


7.7(a) Treat the units as if they were single letters; clear of fractions by 
multiplying both sides by x. You can multiply by liters now or 
later. 


| 2 mol 
ot) -2(289 
L x 
mol ae 
4x as 2 mol Multiply by L and divide by 4 mol. 


L 


= 2 
x Pe 





=0.5L 


(d) Multiply both sides by 10 cm*. The unit cm? will then cancel 
out, so there will be nothing more to do. 


ot (0) om) 





cm 10 cm* 
$9 ¢= x 
7.8(a) First, substitute the numbers given into the equation. 


ab? 
——a2) b=30, ¢= 15 
C 


a (3.0)? 
or ila 2.0 Multiply both sides by 15. 


9.0a = 2.0 (15) = 30 


30 4, ,! 
2S S— = 4. ae 
9.0 amar” 
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(d) 


7.9(d) 


7.10{a) 


(d) 


Substitute in the values given. 


(cE aa, Bey Pe ee 
apa eo [F-]=1072, [HF] = t0 
[H*](1072) ce 

ages oy 10 


Now you can either multiply both sides by the denominator, 
107, or you can save work by canceling terms that appear 
both in the numerator and denominator. The 10°? in the 
denominator will cancel with the 10~? in the numerator. 


H*](107 
l iS = 35x 1074 


fH*] =35 x 10-4 


Any time that a term in the numerator equals a term in the 
denominator, they can be canceled, simplifying the problem. 
Here, whenever [F~ ] = [HF], the fraction [F ]/[HF] = 1 and 
the equation will be left with the same value of [H*], 
3.5 x 10-4, whatever the value of the other two terms. 


First, choose a symbol for each term in the equation and write 
down what each symbol stands for. Here we might unimagin- 
atively choose x and y. Let x = one number; let y = the other 
number. Now translate the sentence into symbols. One number 
(x) is (=) three times (multiply by 3) as big as the other (y). 


x = 3y 


Here the sentence does not translate so directly into an equa- 
tion. It can be rephrased, “The total capital is the sum of the 
funds put in by Smith, the funds put in by Brown, and the funds 
put in by Jones.” This can be translated into an equation easily. 
Let s = the funds put in by Smith; let b = the funds put in by 
Brown; let j = the funds put in by Jones; let ¢ = the total. Then 
the sentence can be written in symbols: 


t=s+b+j 


Again some rephrasing is needed, but be careful. If one bottle of 
wine is to be served for every three guests, the equation must 
not indicate three bottles for every guest! A suitable rephrasing 
is, “The number of bottles of wine is 1/3 as large as the number 
of guests.” Let b = number of bottles of wine; let g = number of 
guests, 
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7.11(a) 


7.13(a) 


7.15(c) 


7.16{a) 
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Another wording is, “There are three guests to every bottle.” 
Gap 


If V increases, P must decrease in order for their product to 
remain constant as required by the equation PV = k. 


In the equation x + y = 27, x and y are not directly proportion- 
al. However, if their sum is to remain constant, an increase in y 
must be accompanied by an equal numerical decrease in x. 


Tightening the string means increasing the tension of the string. 
Therefore, the question is asking for the effect on v of an 
increase in T. In the equation, 


I 7 


aac nd 


v is directly proportional to the square root of T. Therefore, 
tightening the string will cause an increase in the frequency; the 
size of the increase will be proportional to the square root of 
the increase in tension, so doubling the tension would cause v to 
be multiplied by 1.4 (the square root of 2). The increase in fre- 
quency means a note of higher pitch, which is indeed the effect 
of tightening a violin string. 


In the equation D = Cyq/Cowg, D is directly proportional to the 
numerator, C,,, and inversely proportional to the denominator, 
co 

Here H is directly proportional to the entire right side of the 
equation (E + PV); H is not directly proportional to any one of 
the terms E, P, or V. 


CHAPTER 


J 





LOGARITHMS 


8.1. INTRODUCTION TO LOGARITHMS 


Logarithms, or logs, appear in a large and surprising variety of usages. 
You can find roots of numbers by using logarithms. Logarithms occur in 
the equations that describe many chemical and physical processes. 
Graphs are sometimes drawn with logarithmic coordinates. On these 
graphs a coordinate has equal divisions marked 100, 1000, 10,000, 
100,000, and so forth. Since these numbers are | unit apart on the graph, 
a very wide range of numbers can be put into a relatively small space. 
What are logarithms? 

A logarithm is an exponent. Any base a can be raised to any exponent 


n, 


a 


Logarithms are exponents that are applied to one of two specific bases. 
Common logarithms use the base !0, so they are the exponent n of the 
number 10". Natural or Napierian logarithms use the base e, an irratio- 
nal number having the value 2.71828. . .. 

For convenience, the abbreviation “In” ts often used for natural 
logarithms and “log” for common logarithms. Natural logarithms can 
be related to common logs by the equation 


in x = 2.303 log x 
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Some calculators have log and antilog ([NVerse log) functions. Even if 
you use a calculator to find logarithms, it is important to understand 
how to work with logarithms. 

To write the logarithm of a number, you write only the exponent and 
not the base. 


100 = 10? 
log 100 = log 107 = 2 “the Logarithm of 100 is 2.” 
log 1,000,000 = log 10° = 6 
The logarithm (base 10) of a number is the exponent to which 10 must be 
raised to achieve the number. 


Since logarithms are exponents, the rules for calculations with 
logarithms are the same as the rules for calculations with exponentials. 


1. To multiply, add the logarithms (or exponents). 
) 
log xy = log x + log y 


2. To divide, subtract the logarithms (or exponents), 
x 
log — = log x — log y 
y 
3. To raise a number to a power, multiply the logarithm (or 


exponent) by the power. Since a root can be written as a fractional 
power, this also provides a way of finding roots. 


log x" =n log x 


I 
log wx = log x'" = — log x 
n 


TABLE 8.4 








Number Exponential form Log of the number 
I 10° 0.000 
2 1g 0.301 
3 “msl 0.477 
4 LY sia 0.602 
5 iG 0.699 
6 teres 0.778 
7 dag 0.845 
8 eal 0.903 
9 es 0.954 

10 ip 1.000 
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Some trivial examples will illustrate the way in which the rules for 
using logarithms, combined with the numbers in Table 8.1, are used to 
perform calculations. 


@ EXAMPLE 1 


Multiply 2 x 4, using logs. 
To multiply, add the logs. Therefore 


log (2 x 4) = log 2 + log 4 = 0.301 + 0.602 = 0.903 


Or 


10°:3°! x 10°:©°2 eee 10°:2°3 


The product is 8, the number whose log ts 0.903. |] 


@ EXAMPLE 2 


Find the square root of 9 using logs. 
To find a root, divide the log: 


! ! 
log 9" = = (log 9) = 5 (0.954) = 0.477 


The number whose log ts 0.477 ts 3. | 


You may consider this unnecessary because you know that the square 
root of 9 is 3, but how would you find the fifth root? The only easy way 
is to use logarithms, whether you do it consciously or whether you use a 
calculator that is programmed to carry out the sequence of operations 
for you. 
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To find the logarithm of a number that is an even power of 10, you can 
simply write the number in exponential form. The exponent is then the 
logarithm. To find the logarithm of a whole number between | and 10, 
you can use Table 8.1. How do you find logarithms of other kinds of 
numbers? The rules are 


1. Write the number in exponential notation with one digit before the decimal. 
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2. Find the logarithm of the coefficient, and find the logarithm of the exponen- 
tial portion. 

3. Since the logarithm of a product is the sum of the logarithms of the factors, 
the sum of the logarithms of the coefficient and of the exponential portion is the 
logarithm of the number. 


log 500 = log (5 x 107) 


= log 5 + log 10? since multiplication 
requires adding the 
logarithms 
log 10? = 2 
log 5 = 0.699 


log 500 = 0.699 + 2 = 2.699 
This is reasonable, because 


log 100 = 2 
log 1000 = 3 


500 is larger than 100 but smaller than 1000 
log 500 is between 2 and 3 


The part of the logarithm before the decimal, which is called the charac- 
teristic, merely shows the place of the decimal in the original number. 
The part of the logarithm after the decimal is called the mantissa, and it 
is this that locates the exact number. If the decimal in the original 
number had been in a different place, the mantissa would be the same 
with a different characteristic. 


log 5,000,000 = log (5 x 10°) 
= log 5 + log 10° 
= 0.699 + 6 = 6.699 


Table 8.1 shows the logarithms of numbers with only one digit. If the 
coefficient of the number has more than one digit, you must use a table 
with more information, such as Table 8.2. Log tables show the mantissas 
of numbers between | and 9.99, but they omit decimal points, both from 
the numbers and from the logarithms. The numbers have a decimal 


TABLE 


8.2 FOUR-PLACE LOGARITHMS 


OF NUMBERS 
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TABLE 8.2 (continued) 
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point after the first digit. The logarithms must always have a decimal 
point before the first digit shown. The mantissa is shown to one more 
figure than the number of significant figures in the number. 

A table of four-place logarithms like Table 8.2 shows two digits along 
the left side. The third digit is written across the top. Therefore, to find 
the logarithm of a number, find the first two figures in the number on the 
left side. Then read across the top of the table to the column correspond- 
ing to the third figure in your number. The place in the table where the 
horizontal and vertical columns cross contains the mantissa of the 
logarithm. The mantissa must be preceded by a decimal point. 


@ EXAMPLE 3 


Find the logarithm of (a) 39; (b) 3900. 
First, write each number in exponential notation. 


log 39 = log 3.9 x 10! 
log 3900 = log 3.9 x 10° 


Since both have the same coefficient, both will have the same mantissa. 
Look down the left side of the table for the 3, and then across to the 
column under 9. The mantissa for 3.9 is given as 59. This must follow the 
decimal, so it would correctly be written as 0.59. 


log 3.9 x 10' = log 3.9 + log 10! 
= 0.5911 + 1= 1.5911 
log 3.9 x 10? = 0.5911 + 3 = 3.5911 # 


Properly, the mantissa is always positive. This creates a problem 
when finding the logarithm of a number such as 7.00 x 107°. 


log 7.00 x 10°? = log 7.00 + log 107? 
= 0.845 — 3 correct 


= >a 255 technically incorrect 


This last way of writing logarithms ts not really mathematically correct. 
The apparent mantissa shown, 0.155, is actually the mantissa of 1/7, not 
of 7. However, both ways of writing the logarithm give the same result in 
calculations, and it is far more convenient to combine the terms. 


176 LOGARITHMS 


@ EXAMPLE 4 


What ts the logarithm of 0.0653? 
Write the number in exponential form. 


0.0653 = 6.53 x 10°? 
log 6.53 x 10°* = log 6.53 + log 10? 


= 0.8149 — 2 
= —1,1851 a 
ee eee ee ee 
PROBLEMS 
8.1 Find the log of each. 
“(ay 10-7 (b) 10° 
(cj: dOP! (qd) 10°° 
8.2 Find the log of each. 
*(a) 3.00 x 10° (b) 9.00 x 10° 
(co), 3.72 = 16" (d) 4.66 x 107°° 
*(e) 466 (f} 5720 
(g) 125 (h) 2.42 
8.3 Find the log of each. 
*(a) 3.00 -x 107°? (b) 6,73 x 10? 
(ou 281104 (cd) -9.22°% 107° 
fe) S495 105 *(f) 0.00321 
(g) 0.153 


8.4 A student used a calculator to find the logarithms of some numbers. 
For each, tell whether the answer could be correct. Do not calculate 
the logarithm; just look for answers that could not possibly be 
correct. 

*(a) Is log 3.42 = 2.5340? 
(b) Is log 3.42 = 2630? 
(c} Is log 0.342 = 0.4660? 
(d) Is log 0.342 = —0.4660? 


8.5 Calculate & for the following Nernst equation: 





(a) & =1.10,n=1,0 
(b) &° =0.83,n=2,0 = 
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8.6 The quantity of the starting material still present was measured at 
various times, as a reaction occurred, giving the data shown. 


fo [0 





(a) Plot grams versus time. 

(b) Calculate the logarithm of the number of grams (log g) for 
each measurement. 

(c) Plot log g versus time. 

(d) Ifeither graph is a straight line, find the slope. 

(ec) Compare the graphs in parts (a) and (c) 


8.7 The ultraviolet spectrum of a compound can be used to determine 
what is present or how much Is present in a solution. Spectra are 
plotted in two ways: (1) the extinction coefficient, ¢, a quantity pro- 
portional to the fraction of the light absorbed by the molecules, 
versus the wavelength of the light, or (2) the log of the extinction 
coefficient versus the wavelength. 

Calculate log ¢ for each point. Draw graphs of € versus wave- 
length and of log ¢ versus wavelength. [Hint: Round off numbers to 
two or three significant figures before plotting them.] Compare the 
graphs, commenting on the advantages and disadvantages of using 
the logarithm. 
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8.3. ANTILOGS 


To find a number whose logarithm is given (the antilog), reverse. the 
process used to find the log. Look up the mantissa in the table, find what 
number this corresponds to, and use the characteristic to place the 
decimal. 


| EXAMPLE 5 


Find the antilog of 2.4330. That is, find the number whose logarithm is 
2.4330. 

Rewrite the logarithm, separating the characteristic from the man- 
tissa. 


2.4330 = 2 + 0.4330 


The antilog of 2 is 10°. The antilog of 0.4330 must be found from the 
table. To use the table, remember: 

The logarithms are the numbers inside the table. 

The table does not show the decimal point before the mantissa. 

The table does not show the decimal point after the first digit of the 

number. 

Look for the number 4330 in the body of the table. Follow the line to 
the left to read the first two digits in the number, 27. Then look at the 
top of the column to find the third digit. Since 4330 appears in the 
column under 1, the third digit is 1 and the entire coefficient is 2.71. 


antilog 2.4330 = antilog (2 + 0.4330) 
= 2.11 3 10" ££ 


Often you need the antilog of a mantissa that is between the numbers in 
the table. If you need to find the number whose log is 0.3550, you find 
that the table lists 3541 and 3560 but not 3550. Therefore, you must 
interpolate, that is, find the number between those shown. Find the frac- 
tion of the difference between the two numbers in the table 


3550 — 3541 9 


a5n0< gai ge 

Since 3550 is approximately 0.5 of the difference between 3541 and 
3560, the antilog of 0.3550 would be 0.5 of the distance between 2.26 and 
2.27, or 2.265. Some tables of logarithms have a supplementary 
“proportional parts” table at the side, to help you make such inter- 
polations accurately. 
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If a logarithm is written as a negative number, it is necessary to use 
special care in finding the antilog. The mantissas given in the table are 
always positive; a negative mantissa corresponds to an entirely different 
number from that shown in the table. The antilog of 0.70 is 5, but the 
antilog of —0.70 is 0.2 (or 1/5). (Use the procedure of Example 6 to verify 
this.) 

To convert a negative mantissa to a positive one that can be used 
with the log table, add 1.00 to the mantissa and subtract 1 from the 
characteristic. Since | has been both added and subtracted, the value of 
the logarithm will be unchanged, but the mantissa will now be positive. 

The characteristic will be one digit more negative than the original 
value. It is a good idea to check the accuracy of this process by adding 
the resulting characteristic and mantissa to be sure that they do indeed 
add up to the original logarithm. 


@ EXAMPLE 6 


Find the number whose logarithm is — 4.4750 (the antilog of — 4.4750). 

The first step is to convert the logarithm to one with a positive man- 
tissa, by adding 1.00 to the mantissa and subtracting | from the charac- 
teristic. 


4 A750 = =A 4204750) 


= + 1.0000 
—5 +0.5250 Check: —5 + 0.5250 = —4.4750 


The antilog of —5 is 10~°. The antilog of 0.5250 is found from the table 


to be 3.35. Therefore, the required number is 3.35 x 107°. ge 
PROBLEMS 
8.8 Find the antilog of each (the number whose log is given). 
*(a) 10 (b) 2 
(jin = (d) —8 
*(e) 6.8035 (f) 0.3874 
(g) 2.8209 (h) 5.6736 
(i) 1.9456 
8.9 Find the antilog of each. 
*(a) —6.2950 (b) —3.9626 
(c) —0.8097 (d) —2.2510 


(ec) — 12.6655 
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8.4. pH 


An especially common application of the use of logarithms in chemistry 
is the unit pH. This is a shorthand way of describing the concentration 
of hydrogen ion, [H*],* which can vary from about 10 to 10~!5. 
Logarithms work very well to compress this wide range of numbers into 
a more manageable range. Since most of the range involves negative 
exponents, the logarithms would be negative. To avoid having to write 
the minus signs, pH is defined as 


pH = —log [H*] 


To find pH, then, find the log of [H*] and change the sign. To find the 
molarity of hydrogen ion, [H*], given the pH, (1) change the sign, and 
(2) find the antilog. 


[H *] = antilog (— pH) 


B EXAMPLE 7 


Find the pH of a solution if [H*] is 3 x 1074 M. 
First, find the log of 3 x 10° *. Then change the sign. 


log 3 x 10~* = log 3 + log 10-* 
= 0.48.4 (=4) 
— 3,52 
—(— 3.52) 
3.52 s 


HT 


pH = —log [H*] 


Since the molarity is given only to one significant figure, two places are 
sufficient in the mantissa of the logarithm. The PH is rarely given to 
more than two or three places after the decimal. 


* HH’ does not exist as a separate entity; it is always associated with something else. 
Many teachers prefer that you always write HO", indicating that the hydrogen ion is 
attached to a water molecule. Others feel that this notation introduces other errors. 
Although this book will use the simplest version, be careful to use the notation your 
teacher requires. 


8.4. pH 181 


@ EXAMPLE 8 


Find [H *] ina solution of pH 7.85. 
First, change the sign of the pH. 


pH = —log [H*] 
—pH = log [H*] 
—7.85 = log [H*] 


Now find the number whose log is — 7.85. 


=785 = 7 4 (—085) 
1 E00 
=-8 +015 


The number whose log is —8 is 10~°. The number whose log is 0.15 is 
found from the table to be 1.4. Therefore, 


(H*]=14x 10-° M x 


PROBLEMS 
8.10 Find the pH of each. 
*(a) (H*}= 10° (b) [H*]=1 
(ce) (Hh } = 10-" id) TH*l=2™ 10°? 


(TH 1S7 x10?" PH 03 
(g) [H*] = 0.002 


8.11 Find [H*] for each solution. 


(a) pH = 5 (b) pH = 11 
(ce) phi=0 “(d) «pH-=4.2 
(ec) pH = 9.44 (f) pH =64 
ig) pH =049 


8.12 Evaluate each answer. Without carrying out the calculation, 
decide whether each answer could be true. 
(a) If{H*] = 3.2 x 10° M, is pH 3.2? 
(b) If pH = 9.33, is [H* ] 0.857 M? 
*(c) IffH*}] = 4.2 x 104, is pH 3.38 or 4.38? 
(d) Log 8.5 is 0.93. If (H*] = 8.5 x 10° ?, is pH 2.85? 
(ec) Log 8.5 is 0.93. If pH = 8.93, is [H*] 1.18 x 10°? or 
8.5 x 10° or some other quantity? 
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8.5. USING LOGARITHMS TO FIND POWERS 
AND ROOTS 


Until quite recently, calculators and personal computers were not avail- 
able, and people used logarithms extensively to simplify calculations. 
Slide rules provided a mechanical method for working with logs, since 
they have scales marked in proportion to the logarithms of the numbers. 
Once calculators were readily available that could rapidly multiply, 
divide, raise to powers, and find roots, use of both slide rules and 
logarithms for calculations was nearly abandoned. Nonetheless, use of 
logarithms to find powers and roots may be very convenient. It is essen- 
tial if you do not have a calculator with a y* function. 
The calculation of powers and roots uses the relationships 


log x" = n log x 
1/n I 

log x" = — log x 
n 


These can be combined, so that a number like 7592/5 (the exponent teils 
you to raise the number to the second power and find the fifth root of 
the result) can be found as rapidly as any simpler power or root. 

The procedure for each calculation follows the same pattern: (1) Find 
the logarithm of the number x. (2) Multiply or divide the logarithm as 
indicated. (3) The result is the logarithm of the required answer. Find the 
antilog. 


| EXAMPLE 9 
Use logs to calculate (7.00)*. 
log (7.00)* = 4 (log 7.00) 
= 4 (0.8451) 


= 3.3804 
(7.00)* = antilog 3.3804 = 2.40 x 103 & 


| EXAMPLE 10 
Use logs to calculate 2/75. 


| 
log (75)'/5 = ; (log 75) 


| 
5 (1.8751) = 0.3750 


3/75 = antilog 0.3750 = 2.37 e 
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@ EXAMPLE 11 


Use logs to calculate (759)?/9, 


log (759)?/5 = : (log 759) 
2 
= (2.8802) = 1.1521 
(759)7° = antilog 1.1521 = 142% 10) = 142 a 
PROBLEMS 
8.13 Use logs to raise to the power. 
*(a) (52)? (b) (2.9)° 
(c) (4)° (d) (2.0)? 
(e) (0.030)° (f) (0.059)* 
8.14 Use logs to find the indicated roots. 
*(a) 2/5300 (b) .¥5.0 
ic) 792 (d) 2/120 
(e) (7.0)°”? (f) 25)" 
(g) (50)'/* 
SOLUTIONS 


TO STARRED PROBLEMS 


8.1(a) 


8.2(a) 


The logarithm is the exponent. Then 
| log 10°? = —2 
The entire exponent, including the minus sign, is the log. 
The log of the product is the sum of the logs of the factors. 
log 3.00 x 10° = log 3.00 + log 10° 


The log of 10° is simply the exponent 9. The log of 3.0 must be 
found from the table. Look down the left side to the 30. Then 
look in the column under 0 for the log of 3.00. The table gives 
this as 4771. However, the mantissas in the table must always 
be preceded by a decimal point. Therefore, 


log 3.00 = 0.4771 
log 3.00 x 10° = 0.4771 + 9 = 9.4771 
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(e) 


8.3{a) 


(f) 


8.4(a) 


8.8(a) 


(c) 
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To find the log of 466, first rewrite the number in exponential 
notation. Then find the log. 


log 466 = log 4.66 x 10? = log 4.66 + log 10? 


The log of 10? is 2. To look up the log of 4.66 in the table, look 
down the left side to the 46 then across to the column under 6. 
The log is given as 6684. With the decimal, it is 0.6684: 


log 4.6 x 10? = log 4.66 + log 10? 


= 0.6684 + 2 
= 2.6684 


log 3.0 x 10° = log 3.0 + log 10°° 
= 0.48 + (—9) 
= —8.52 


First write the number in exponential notation. Then you are 
ready to find the log. 


log 0.0032 = log 3.2 x 1073 
= log 3.2 + log 10 3 
= St t= 4) 
== ia9 


No. If a number is between | and 10, its log must be between 0 
and |. The characteristic 2 means that the logarithm could cor- 
respond to a number like 3.42 x 107, but not to 3.42. 


The antilog is the number whose log is given. When the log is a 
whole number, it is simply written as the exponent of 10. 


antilog 10 = 10!° 


The number whose log is 6.8035 is not a whole number power 
of 10 but the product of a coefficient and a power of 10. The log 
has two parts: the characteristic, 6, tells which power of 10 is 
used, 10°; the mantissa, after the decimal, is the log of the coeffi- 
cient. Look in Table 8.2 and find the digits 8035. Then look to 
the left of that row for the first digits 63. Look to the head of 
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8.9(a) 


8.10a) 


8.1 1(a) 


(d) 


8.12(c) 


the column for the third digit, 5. The number is then 6.35, with 
one digit before the decimal. 


antilog 6.8035 = antilog 6 x antilog 0.80 
21655 610° 
To find the number whose log is — 6.29, you must first rewrite 


the log so that it has a positive mantissa. To do this, add 1.00 to 
the mantissa and subtract | from the characteristic. 


—6 — 0.29 
—1 + 1.00 
—7 + 0.71 


The number whose log is —7 is 107’. The number whose log is 
0.71 is 5.1 from the table. The antilog of —6.29 is then 
Sox 105% 


The pH is defined as —log [H* ]. Therefore, to find the pH, find 
the log of [H*] and change the sign. 


Oe (Ho |= lop = 4 
pH = —(-—3)=3 
As in part (a), 
log [H*] = log 0.3 = log 3 + log 107! 
= 0.48 — 1 = —0.52 
pM = =(—057) = 052 
Since pH = —log [H*]. 
log [H*] = —pH = —5 
[H*} = 107% 
pH = 3.2. Therefore, log [H*] = —3.2. 
antilog — 3.2 = antilog (—4 + 0.8) 
=63 « 0-*=[H") 


log [H*] = —4 + (mantissa), so it is between —3 and —4. 
Therefore, pH is between 3 and 4. The answer 3.38 could be 
correct, but not the answer 4.38. 
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8.13(a) To raise to a power, multiply the log by the exponent. 


lop 52 = log5.2 x 10%= 1,72 
log (52)? = 2 (log 52) 
ST ome rl 
(52)? = antilog 3.44 = 2.7 x 103 


8.14(a) To find the root, divide the log by the index. 
log 5300 = log 5.3 x 10° = 3.72 
| 
log (5300)'/3 = * (log 5300) 


= (3.12) = 124 
3 (3-72) 


The required root is the antilog of 1.24, 1.7 x 10! (or.17). 
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9.1. DERIVING EQUATIONS 


Many times, you cannot find the exact equation you need for a calcu- 
lation, but you can find other equations relating to the system under 
considcration. It ts possible to derive a useful equation from other equa- 
tions by applying some simple mathematical rules. 


i. Things equal to the same thing are equal to cach other. That ts, 
ie: tena and bh=<, then 2=.) 


This is the basis of the next two methods, but It is convenient to 
consider them separately. 


N 


Since the two sides of an cquation are equal (mathematically, are 
different names for the same thing), the two sides of one equation 
can be used in a variety of operations on the two sides of another 


equation. 
If 
a=b and c= id 
then 
ie = bd An equation remains true if both sides are 
multiplied by the same quantity. 
eb . uP . 
pear, Both sides can be divided by the same quantity. 
es 
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Hien te An equation remains true if the same 


a—c=b-—d _ quantity is added to or subtracted 
een from both sides. 


3. A mathematical expression may be substituted for its equivalent in 
an equation. That is, if c = de, then de can be substituted for c: 


a= bc 


a = bde 
| EXAMPLE 1 


Boyle’s law states that, for a given sample of a gas at constant tem- 
perature, the product of the pressure and volume is constant: 


PV ek 


This means that any change in the pressure produces a change in the 
volume that will keep their product constant. When the same unit is 
measured in several different experiments, or under several different con- 
ditions, it is convenient to use the same letter for the quantity each time, 
but use a subscript to designate which experimental measurement is 
meant. Using this notation, P, is the pressure in experiment 1; P, is the 
pressure in experiment 2. 


PiV,=K for the first set of measurements 


P,V,=K for the second set of measurements 


Boyle’s law states that K is the same for both. By the rule that things 
equal to the same thing are equal to each other: 


PV, = P2V, 


This now is an equation that can be solved for any one of the four 
quantities if the other three are known. For instance, if you measure the 
pressure and volume under one set of conditions, you can find what 
pressure would give a specified volume or what volume would be 
occupied by the gas sample at a given pressure. a 


EXAMPLE 2 


Equations comparing the rates of movement of molecules of different 
gases can be developed using either the first or the second method. The 
kinetic energy (energy of motion) of a gas is related to the temperature, 
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so that the kinetic energy is the same for any gas at a given temperature. 
Kinetic energy, KE, is defined by the equation 


! 
KE = 5 mv? 


where m is the mass of the particles, in this case the molecules (the 
molecular weight), and v is the average velocity (essentially speed). 
Using method 1, we write the equations for two gases 


1 
KE;= 5 m0} 
| 
KE, = 4 mM, v5 
At the same temperature, 
Therefore, 
I ! 
- Wu = 5 Ma v} 


This equation can be rearranged in various ways. For example, we 
might wish to compare the rates of movement, the velocities. Canceling 
the 1/2’s and rearranging to give the ratio of the velocities gives the 
equation 


vr ts 
vem, 
or 
v, m, 
v m, 


This ts Graham's law of diffusion, which relates the relative speed at 
which two molecules move (measured perhaps by how fast a gas escapes 
through a small opening) to the relative molecular weights. 

The second method could equally well have been used. If the ratio of 
the velocities is wanted, write equations for the velocities; then take their 
ratio. 


| 
KE = = mv? 
2 
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Solving for v, we obtain : 





and for two different gases. 








—=— SS oo Ed __ 








mM) My 
vy m, KE, 
V, m, KE, 


If the gases are at the same temperature, KE, = KE,, and they can be 


canceled. Then 
ual OO el * 
Us m, 


Use Coulomb’s law to derive an equation comparing the forces between 


charged particles under different conditions. The equation for Coulomb's 
law Is 


Bg EXAMPLE 3 


teak oe 
; 
Since the subscripts 1 and 2 are already in use here, another notation 
will have to be used. Let us indicate the second conditions with a prime 
so that the forces under the two conditions are shown as F and F' (read 
“F prime”). 
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To find the ratio of force under two conditions, divide F by F’. The right 
sides of the equation must be divided at the same time, producing a new 
equation. 





F ia 192K (r')? 


FO Kags ~~ aaa? 


Note that F’ is still directly proportional to q; when they are both in the 
denominator on opposite sides of the equation. It is inversely pro- 
portional to the square of r’, since one of them is in the numerator and 
the other in the denominator. 

This general equation can be simplified for various special cases. For 
instance, if the surroundings are the same in both instances, K = K’ and 
they can be canceled. = 


A very common use of method 2 in chemistry is the calculation of the 
concentrations of substances present in equilibrium mixtures. (In the fol- 
lowing calculations the concentration of a species in solution is indicated 
by writing the formula for the molecule or ion in square brackets. For 
example, [H*] is read “the hydrogen ion concentration” and is used as 
a variable just as if it were a single letter.) Only certain types of equi- 
librium constants are given in tables; others must be derived from them 
if needed. 


@ EXAMPLE 4 
Derive an equation for the hydrolysis constant, K,, for HCN, 


ae (HCN}[OH  } 
Ten] 


using the known values of K, and K,,. 


_[CN7]{H*)] _ eo 
K,= [HCN] = 5. 010 


K,=(H*](0H-}= x 1074 


Neither of these is exactly what is needed, but each has some of the terms 
wanted. Both contain [H*], which is not wanted, but it can be canceled 
out if one equation ts divided by the other. Which then should be 
divided by which? 
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The expression for K,, has [OH~] in the numerator, where it is 
wanted, but the expression for K, has [HCN] in the denominator when 
it is needed in the numerator, and [CN] in the numerator when it is 
needed in the denominator. Clearly, then, the expression for K, would 
have to be inverted to put the [HCN] and [CN] in the correct posi- 
tions. Inverting the expression for K, gives 


Ll FHEN] 
Ky (HEN 4 


Multiplying this by the expression for K,, would give an equation with 
all the terms in the right place. 


[HCN] _ [OH~]{HCN] 


I 
Sn ITOH = 
lial | TE pea TOS) 
and 
K Ass 94 x Grit ea ig: 
a Sacigc™ 


Since multiplying by 1/K, is the same as dividing by K,, the procedure is 
usually described as dividing K,, by K,. 


Ky (H? (On ) 1x 10° 
K, (H°vEN ] Se 10-7? 
[HCN] 
_ [HCN][OH]} _ me 
ae a ae a2 x 10 & 


The third approach to deriving equations from other equations, sub- 
stitution of an expression for its equivalent, is enormously useful. Some- 
times you need to make a calculation using quantities that can be 
measured conveniently, but the original equation does not contain terms 
for your measured quantities. Sometimes you are interested in seeing 
how a given quantity will be affected by various kinds of variables. For 
both purposes it is useful to derive an equation for one quantity in terms 
of certain specified other quantities. This means that the equation for the 
oné quantity contains terms for the specified quantities. There may be 
other terms present also, of course, and the specified quantities may 
appear in the denominator of a fraction, in a squared term, or wherever 
they are needed to make the equation correct. 
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M@ EXAMPLE 5 
The energy of a photon of light is proportional to the frequency of the 
light, v. The proportionality constant, called Planck's constant, is always 
symbolized by h. (It has a value of 6.625 x 10° '® J-sec.) 


E = hy where h = Planck’s constant and v = frequency 


The frequency of light is defined by the equation 


v where c = speed of light and A = wavelength 


ee 
oa 
(v and A are the Greek letters nu and lambda.) 

Derive an equation for the energy of a photon of light of a given 


wavelength. 
Substitute c/A for its equivalent: 


c 
E=h=h-. 
v 15 a 


ME EXAMPLE 6 
You wish to calculate the molecular weight, M, from measurements of P, 
V, and T for a weighed sample of a gas. Write an equation for M in 


terms of P, V, and T, starting with the equations 


PV = nRT and n= 


Any of several procedures could be used. One way is to start by 
solving both equations for the one factor that appears in both, n. 


Solve for M: 
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Another method would have been to substitute the value of n into the 
first equation. 





w 
PV =— RT 
M 
Solve for M: 
wRT 
M =—— 
7 & 
PROBLEMS 


9.1 The pressure P at a depth h under a liquid of density d is given by 
P=hdg g = acceleration due to gravity 
The force F on an area A under a pressure P is 
F=PA 


*(a) Give an equation for force in terms of h and d (and any other 
quantities needed). 

*(b) Give an equation for density of a liquid in terms of P, h, 
and g. 


9.2 Given the equations 


PY =n T. and A= (R is a constant) 


*(a) Write an equation for P,/P,. 
(b) Write an equation for T;/T,. 
(c) Write an equation for w in terms of P, V, and T. 


9.3 Ifa ball is thrown upward at initial velocity v, the time to reach the 
greatest height 1s 


{=- g = acceleration due to gravity 
g 


The height h is given by 
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(a) Write an equation for h that contains v. 
(b) The potential energy, PE, possessed by the ball at the highest 
point is 


PE = mgh 


Use the original equation for h to derive an equation for PE in 
terms of t. 

(c) Use the equation derived in part (a) to derive an equation for 
PE in terms of v. Compare your answer with the kinetic energy 
of the ball when it was first thrown. 


1 
KE = — mv? 
5 mv 
94 If 
l 
PV = - Nmv? 
3 
2 
PV =-KE 
3 
ree=kRi 


write equations for KE that contain 
“ay ¥ (b) T 


9.5 If 
[Ag*J(Cl"] = K,, 


and 


[Ag JLNH3]* _ 


[Ag(NH)7] 
write an equation for 


[Cl J{Ag (NH); ] 
[NH]? 
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9.6 Ifina solution 
CNie t[s> = (4 10-2 

and 


[Cd?* [S21 = 36 x 1072? 


what is the ratio of [Ni?*] to [Cd?*}? 
ee ee ee eee eee 


9.2. SOLVING SIMULTANEOUS EQUATIONS 


There are many situations in which there are two or more unknown 
quantities. Equations describing such situations can be solved if there are 
as many independent equations as there are unknowns. Equations are 
independent if they describe different information, but not if one equa- 
tion is merely a rearrangement of another. Since the relationships 
described by the different equations are all true at the same time, such 
equations are called simultaneous equations. 

There are several methods of solving simultaneous equations. You 
can draw graphs of both equations; the points where the graphs intersect 
(points that are common to both graphs) are solutions to the equations. 
There are computer methods for solving complicated sets of simulta- 
neous equations. However, the simultaneous equations encountered in a 
beginning chemistry course can usually be solved by one of two simple 
methods. 

Both methods combine the equations to obtain a new equation that 
contains only one unknown. This new equation is solved for that 
unknown. Then the value of that unknown is substituted into one of the 
original equations, which can then be solved for the value of the other 
unknown. 

The first method is to add, subtract, multiply, or divide the left sides 
and the right sides of the equations to obtain a new equation in one 
unknown. The equations 


x + pe 3 
x= po 27 


can be added to give 


Xt x+ Y= pe 3+ 27 
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Combining terms gives 


pro el i) 
Sou) il, 


Substituting this value of x into the first equation gives 


15+y=3 
y= —12 


Alternatively, the second equation could have been subtracted from the 
first to give 


xy aa (Spe a2 
2y = —24 
y= -12 


Substituting this value into either of the original equations gives the 


value x = 15. 
If x and y had originally been multiplied rather than added, one equa- 


tion could have been divided by the other. 


m@ EXAMPLE 7 


The compounds BaSO, and BaCO, are quite insoluble in water; the 
equations for the maximum concentration of the ions in solution are 


[Ba2*}[SO2-] =1 x 107!° 
[Ba2*][(CO2-] =8 x 107° 


where [Ba?*] means the concentration of Ba?* ions in solution. A 
mixture of solid BaSO, and solid BaCO, is in equilibrium with a solu- 
tion containing SO2” and CO3~. (This statement simply means that the 
equations apply simultaneously to the situation.) If [SO2~] = 10 ?, 
what is [CO3~ ]? 

Divide one equation by the other. This will eliminate [Ba?*]. Both 
sides of the equations must be divided. 


[Ba*JLCOs a. 8x d0>? 
(Aae* 1680277 ot x97 !? 


[CO3"] 
[SOs7] 





=8 x 10! 
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This ratio is a useful number even if you did not have the actual value of 
either [CO}~] or [SO27]. For this problem, you do have the value of 
the sulfate concentration, [SO{° ], and can substitute this into the equa- 
tion. : 


[CO3"] 
oe = 8 x 10! 
[CO2-] =8 x 10°! & 


If the calculation in Example 7 looked complicated, you may have 
been confused by the chemical notation. The calculation was essentially 


ax = 1x 107!° 
apes x 10° 
If x = 10° 7, what is y? 


There are two unknowns, a and y. Dividing one equation by the other 
eliminates a. 


dy 8x 107° 
dx 1x 107° 
Ze % 10! 
x 


Substituting the value of x, we obtain 


y 
ss aoa 10! 


y= 107! 





The calculation is the same regardless of the notation used for the 
unknowns. The advantage of using the chemical terms is that they 
remind you of the actual situation being considered. 

The second method for solving simultaneous equations is to solve one 
equation for one unknown in terms of the other. Then this quantity is 
substituted into the second equation. If both equations are linear and 
fairly simple, you can start with either one and solve for either of the two 
unknowns. When one equation is complicated or contains terms raised 
to higher powers, it is easier to solve the simpler equation for one 
unknown in terms of the other, and then to substitute this value into the 
more complicated equation. 
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@ EXAMPLE 8 


Solve the simultaneous equations for x and y. 
moon ee and x+y=12 
y 


The second equation is simpler, so solve it for one of the unknowns. 


x+y=12 
x=12-y 


Substitute this value of x into the first equation and solve for y. 


Dh 
oe 
eM Dee 
y 
2 (12 — y) = 6y 
24 — 2y = 6y 
24 = 8y 
oy 


Now substitute this value of y into either of the original equations and 
solve for x. 


x+y=12 
x+3=12 
x=9 


Check the answers by substituting into the other equation. 


2 
y 

2{9) 
3 = 6 
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EXAMPLE 9 


One method of analyzing an aluminum-nickel alloy is to dissolve it in 
acid and measure the hydrogen produced. If a sample of alloy weighing 
2.00 g produced 1176 mL of hydrogen at standard temperature and pres- 
sure, the following pair of simultaneous equations can be written to 
describe the experiment. 

Let 


a = grams of aluminum and n = grams of nickel 


Then 
a+n= 2.00 


This equation says that the grams of aluminum plus the grams of nickel 
equal the total grams of the alloy: 


Ba pe ae La 
9.00 29.4 11,200 


This equation relates the amounts of aluminum and of nickel to the amount 
of hydrogen produced. (See your textbook for further explanation. The 
numbers ought to be written with their correct units. Here the units were 
omitted to focus attention on the mathematical operations.) 

Since the two equations convey different information, they are inde- 
pendent and can be solved for the two unknowns. Clearly, it would be 
simpler to solve the first than the second. 

a+tn= 2.00 


a=2.00—-—n 
Substitute this value of a into the second equation: 


ee 1176 
9.00 29.4 11,200 


To save arithmetic, multiply the equation by the denominators of the 
fractions that contain the unknown, n, but not by the 11,200. 


1176 
29.4 (2.00 — n) + 9.00n = —— (9.00\29.4 
( n) n 11.200 | 0029.4) 


58.8 — 29.4n + 9.00n = 27.7 
31.1 = 20.4n 
1S2=n 
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Then 
a+n= 2.00 
a+ 1.52 = 2.00 
a = 0.48 


There are 0.48 g of aluminum and 1.52 g of nickel in the alloy. 

In a real situation there may be physical limitations on the answers. 
For instance, if you had found (erroneously) that the value of n (the mass 
of nickel) was 4.5 g, then solving for a would have given a = —2.5 g. 
These answers might satisfy the equation but could not possibly be 
correct. Since n represents the mass of nickel, the value of n could not be 
greater than the mass of the original sample of alloy. Since a represents 
the mass of aluminum, the value of a could not be negative. | 


Students sometimes are so pleased at having solved an equation and 
found an answer that they omit two steps that should be included. Check 


your answer to see whether it makes sense. Reread the original problem, to 
make sure that the answer is the one needed. 


PROBLEMS 


9.7 Solve for the unknowns. 


a) xt+y=9 (b) x—yp=50 
xy = 20 xy = 66 
(c) x —y = —0.50 *d) x+y=12 
xy =33 a 
y 
(ec) xty=2 () x+y=9 
¥ | ae 
Se oe DP —~4+-=3 
y a8 


What is c if b = 5? 
(b) de=9 x 107’ 


df = 6 x 1073 
What is e iff = 2 x 10°77 
+72pe2- 


[Ni2*][S?~] = 1.4 x 10724 
What is [Ni2*] when [H*] = 1.0? 
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(d) Using the equations of part (c), what is [Ni? *] when 
(CH = Ox 10-2? 
(e) [ede * (OH - 7 2a x40" 
(HOH |= 10 < 10 | 
What is (Cd? *] if (H*] = 1.0 x 1077? 





9.3. SOLVING HIGHER-ORDER EQUATIONS 


Equations in which the unknown appears to higher than the first power 
(is squared, cubed, etc.) are very common. The approach to solving such 
equations depends on the type of equation. Two methods are given in 
the paragraphs that follows and another is given in Section 9.4. 

Whatever method is used to solve a higher-order equation, there will 
be as many roots as the highest power of the unknown. That is, if the 
equation contains x*, there will be three roots. If the equation contains 
x‘, there will be four roots. (An equation can sometimes appear to have 
only one root, because all roots are identical.) All roots are equally true 
mathematically, so all should be given as solutions. When the equation 
describes a physical situation, there is sometimes a reason to prefer one 
of the roots to another. For example, a substance cannot have a negative 
mass. 


9.3.A. Equations in Which the Unknown Appears to 
Only One Power 


Some equations have the unknown present to the same power in all 
terms in which it appears. If it appears as x°, there are no terms contain- 
ing x? or x. 

Equations in which the unknown appears to a single power (or root) 
can be solved by the same principles used for linear equations. That is, 
consider what operation has been performed, and then perform the 
inverse on both sides of the equation. For example, if the equation con- 
tains x*, the inverse operation would be to take the fourth root of both 
sides. If the equation contains the cube root of x, the inverse operation 
would be to cube both sides. 

If the variable appears to an even power in’ the equation, the root 
could be either positive or negative, since raising either one to an even 
power would give an even number. If the variable appears to an odd 
power, the sign of the root is the same as the sign of the original number. 
That is, the cube root of a positive number is positive, and the cube root 
of a negative number is negative. All roots of such an equation are iden- 
tical. 
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@ EXAMPLE 10 


Solve for x: 


x? = 25 


Take the square root of both sides. 


i Bs 
x=+4+5 
For even powers of x, it is necessary to indicate that the root may be 
positive or negative, since raising either to an even power would give a 


positive number. There is no way to tell from the equation whether one 
of the two roots, + 5 or —S, is to be preferred. & 


@ EXAMPLE 11 


Solve for x. 


The fifth root can be found using logarithms (Chapter 8) or using the 
appropriate function on your calculator. 


Deh ae 


The root must be positive; raising a negative number to an odd power 
would give a negative number. | 


@ EXAMPLE 12 


Solve for x. 
x? = 4y — 12 
JB = Jay 
ey puree ee 
ee ya eae 8 


Although it is not necessary to factor out the 4 in this fashion, it is 
sometimes useful. Further, you should know that it can be done so that 
you will understand what is happening if you see someone else solve an 
equation in this way. & 
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EXAMPLE 13 


Solve for x. 


/x =3m +1 


Here, it is necessary to square both sides of the equation to obtain x 
to the first power. 


(\/x)? = (3m + 1)? 
x = (3m + 13m + 1) 
= 3m (3m + 1) + 1 (3m 4 1) 
= 9m? + 3m + 3m 4+ 1 
x = 9m? + 6m + 1 


The entire right side must be squared, not just one of the terms. = 





PROBLEMS 


9.9 Solve for the unknown. Note: A quantity like [H*] can only have 
a positive value, since [H*] stands for the concentration of hydro- 


gen ion. 

(a) x? = 36 (b) x? = 107? 

*(c) (H?}? = 10-7? (d) [OH-]}? = 1078 

() fl P=10° * y?+8=0 ; 
(g) 22 = 1.44 (h) [Agt]? (1072!) = 1075! 


Ss 


9.3.B. Solving Quadratic Equations 


Quadratic equations, equations in which the highest power of x is the 
second power, can be solved by use of the quadratic formula. To do this, 
start by rearranging the equation so that all terms are on the same side. 
The equation should then have the form 


ax? ++bx+c=0 


Identify the numerical values, with their + or — signs, of the coeffi- 
cient of the x? term, a, the coefficient of the x term, b, and the term that 
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does not contain x, c. Substitute these values into the quadratic formula, 


—b + ./b* — 4ac 

eS 
2a 

and solve for x. 

There will be two roots, that is, two values for x, one arising from the 
positive value of the square-root quantity and one from the negative 
value. This is in accordance with the general rule that the number of 
roots of an equation is equal to the order of the equation, that is, the 
highest power of the unknown. 


M@ EXAMPLE 14 
Solve for x. 
x? = 5x + 14 


First, move all terms to the same side to put the equation into the 
required form. Here, that requires subtracting (Sx + 14) from both sides. 


x? — 5x —-14=0 


The coefficient of the x? term is 1 (which is not shown as the number but 
is implied). Therefore, a for the quadratic formula is 1. The coefficient of 
the x term is —5, which becomes b of the formula. The value of c, the 
term that does not contain x, is — 14. The coefficients include the nega- 
tive sign. Substitute the values of a, b, and c into the quadratic formula. 


Sela ls) 4a) 


<—S 2 (1) 
SB tafe 30 
7 2 
ee aftl  Fa9 
et. OC YS 
The two roots are 
549 5—9 
fanaa 7 and 7 ee ge 
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| EXAMPLE 15 


Solve 2y? — 3y =O for y. 
This can be solved using the quadratic formula: 


a= b= —3 c=0 

_ =(—3) + ¥(—3)? — 4 (2X0) 

Z 2 (2) 

Be tee!) : _3=—V/9—0 
A ies 4 0 y= 4 

3 

=- = (0 
y y 


However, it is also possible to solve this equation by a shorter 
method, since there is a common factor, y, present in all terms. 


2y? — 3y = y (2y — 3) =0 


If the product of two factors is 0, one of the factors must have a value of 
0. Therefore, the two roots of the equation can be found by setting each 
of the factors in turn equal to 0. 


y=0 or 2y—3=0 


PROBLEMS 


9.10 Solve for the unknown. There will be two answers for each. 
*(a) x? =5x-—6 
(b) x? =8x+9 
(c) 2x? +2x = 30 
(d) 4x =x? — 45 
(ec) x*-—1.7x+03=0 
(f) x? +4+3.1x —18=0 
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9.11" (a) Solve for [CN ~ ]. 


CHT ILCN J | = {6 
[HCN] = 4,0) x 10 
[HCN] = 1.00 x 10-7 and LENS = ha 
[ Hint: If [(CN~ ] = x, what does [H* ] equal?] 
(b) Solve the equation in part (a) for [H*] if 


[HCN] =5.0x 10-3 and = [H*] =[CN7] 
9.12 Solve for [H*]. 


(HT ILNO2] _ 4 
[HNO,] = 45x10 


[NO,] =[H*]; [HNO,] = (1.00 x 10°* —[H*}) 


9.4. GRAPHING EQUATIONS 


To graph an equation tn two variables, assign any convenient values to 
one of the variables, substitute each value in turn into the equation, and 
solve for corresponding values of the other variable. It is usually conve- 
nient to set up a table of the sets of values. Then label the coordinates 
appropriately so that they will cover the values used. Locate the points 
on the graph and connect them with a smooth line. It may be necessary 
to locate additional intermediate points (such as x = 1/2) to be sure of 
the shape of a curve where it changes sharply. 


@ EXAMPLE 16 


Draw a graph of the equation x — y = 2. 
Select values of x and find the corresponding values of y. 





Plot the points and draw the graph (Figure 9.1). 
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FAG RIE 9). 4 


A graph can be used to find the solution to an equation. If the equa- 
tion is set up in such a way that y = 0, the value(s) of x where it crosses 
the horizontal axis (where y = 0) are solutions to the equation. This is an 
especially useful technique for equations that are difficult to solve by 
other methods. 


EXAMPLE 17 


Draw a graph of the equation x? + x — 6 = 0. From the graph find what 
values of x are solutions to the equation, that is, what values of x make 
the left side of the equation equal to 0, the right side. To do this, write 
the equation as 


pax + = 6 


Choose values of x and calculate y. Plot the result on a graph with the 
values of x on the abscissa and y on the ordinate (Figure 9.2). If neces- 
sary, use intermediate or fractional values of x to determine the shape 
where the shape of the graph changes rapidly. Here, a value of x is 
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~~ 
Oo 


|=“NwWLADRNDO 






RUG URGE. =9).2 


needed between 0 and —|! in order to determine the shape of the bottom 
of the curve. Any choice is possible, but x = — 1/2 1s convenient. 





SOLUTIONS: x = —3 and x = +2. | 


Simultaneous equations can be solved by graphing both equations on 
the same graph. The point where the lines cross is a point that satisfies 
both equations and is, therefore, a solution to the set of simultaneous 


equations. 
@ EXAMPLE 18 
Use a graph to solve the simultaneous equations. 


(1) 2x -— p= 8 
(2) x +3y=9 
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Prepare a table of data for each equation, choosing values of one vari- 
able and solving for the other, for each point. Plot both equations on the 


same graph. 


Equation (1): 





Equation (2): 





(If values of x ranging from 0 to 5 had been chosen for equation 2, the 
values of y would have been fractions. Choosing values of y ranging from 
0 to 5 gave numbers that were easier to plot, but either way would have 
been correct.) (See Figure 9.3.) 

SOLUTION: The point (3, 2) is common to both lines, so the solution is 
= 3, ye 2 a 





FIGURE 9.3 
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PROBLEM 


9.13 Graph the following equations. 


(a) x+y=10 (b) 2x-—y=0 
x? = 2y (4) yp=x?—5x+4+3 
ign eiNligk oe) 
SOLUTIONS 


TO STARRED PROBLEMS 


9.1(a) 


(b) 


9,2(a) 


The equation given for force is F = PA. To obtain an equation 
that contains h and d, look for some equation that expresses a 
relationship between P (and/or A) and the needed quantities. 
The equation is given. 


P = hdg 
Substituting this value for P into the equation for force gives 
F = hdgA 
There is an equation already given that contains all the neces- 


sary units: d, P, h, and g. All that must be done is to solve the 
equation for density, d. 


P = hdg 
P 
d=— 
hg 


To write an equation for the ratio of pressures under two sets of 
conditions, write the original equation for the two sets of condi- 
tions and then divide. 


PiVi =" RT, Since R is constant, it is the 
PV, =n,RT, Same both times. 


Upon dividing, we obtain 
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9.4(a) 


9.7(a) 


(d) 


EQUATIONS 1I 


To solve for P,/P2, multiply both sides by V,/V,. 


Py mT, 


P, n,T,V, 
The easiest way to solve this problem is to use the rule that 
things equal to the same thing are equal to each other. An 
equation that contains KE is PV = 2/3KE. An equation that 


contains v is PV = 1/3Nmv’. Setting the two quantities that 
equal PV equal to each other, we obtain 


! 
KE = ; Nmv? 


Solve the first equation for x in terms of y. 


x+y=9 
x=9-y 


Then substitute this value of x into the other equation. 


xy = 20 
y(9 — y) = 20 
9y — y? = 20 rearrange 


y?>—9y + 20=0 


Now, by factoring or by the quadratic formula, y = 4 or S. 
Then 


x=9-y or ea) Sx 

x=9-4=5 x=9-S5S=4 
The two sets of roots are 

xe 5, ad and x=4, yp=5 
Solve the first equation for x in terms of y. 


X+pe IZ 


x=12-y 
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Substitute this value of x into the other equation. 





ee 
y, 
12 — 
ee 
yi 
12—y=3y 
ba. 4y 
5) 


Then find x. 
x=12—-yp=i12-—-3=9 


9.8(a) This problem can be done in either of two ways. In some prob- 
lems one is easier and in some the other is easier. Here it does 
not matter. 

MeTHOD 1: Substitute the value of b and see what can be 
solved. 


Now substitute this value of a into the other equation. 


ac = 20 
(2): c- <2 20 
¢é= 10 


METHOD 2: Since you are not interested in a, eliminate it by 
dividing one equation by the other. 


= a Cancel the a’s and the 10's. 
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Now substitute the value of b. 


(c) First simplify the first equation. 
Se kal aa 

oO? 
(H*]? (S?7] = 1.2 10-2! 


= t2% 10°? 


Then, use either of the methods of Problem 9.8(a). 


(1)? [S?-] = 1.2 x 107?! 

[S?-] = 1.2 x 107?! 

[Ni?*][S?-] = 14 x 10-4 
[Ni?*](1.2 x 10724) = 1.4 x 10-24 


143 107° ** 
DSC Genpact hee Oe -3 
PD dase yee 


or else divide: 
(Ni2*][S27) 1.4 x 10-24 ; 
(H*P (Sta x10 ~ A 10” 
Then substitute the value [H *] = 1. 


[Nie*) 


|? 





[Ni#*] = 1.2 x 1073 


9.%c) Consider [H*] as a single quantity. Find the square root of 
both sides. 


(H*}? = 107? 
[H*] = 107! 
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Only the positive root is used here. The concentration of hydro- 
gen ion, [H* ], cannot have a negative value. 
(f} First subtract the 8 from both sides. Then find the cube root of 


both sides. 
yee |v 
y= -8 
y=-2 


9.10Q(a) Group all terms on one side in the proper form for the quadra- 
tic equation. 


x = 5x =—6 


x? — 5% +620 


The coefficient of x? is 1, of x is —5, and the remaining term is 
6,soa=1,b= —5,c=6. 











ee: b* — 4c 
oe 2a 
Oeelea es (—5)? — 4 (16) 
7 2 (1) 
“4 +5 + /25 — 24 
= 2 
Pot 
eee 
The two roots are 
per 3 
: ii Te 
and 
paler ek 
2 Z 
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Gila): “Let x =[CN= ] Since [AH] = {CN} fH) Sx 


cut) 
1.00 x 1077 
x7 =4.0 « 10" *9(1.00 «10° 7) = 4.0 * 10° 7 


= 4 ix iq *° 


x =2.0x 10°° Take the square root of both 
sides. 


[CN°]=2.0x 10°° Omit the negative root, since 
the concentration of cyanide 
cannot be negative. 


Os ee. ee ee 


10 





ADDITIONAL TOPICS 


Not all of the mathematical techniques used in chemistry have been dis- 
cussed in detail in this book. The sections that follow contain informa- 
tion that might prove useful. 


10.14. MORE RULES OF MATHEMATICS 


Some fundamental rules of mathematical operations are given in Section 
2.2. Others have been given at various places in the text, as need arose. A 
number of widely used procedures are listed and illustrated in Table 10.1. 


rae ce 10. 1 








Rule or Pattern Examples 





ax + bx =(a + b) x 2x + 3x = (2 4 3) x = Sx 
or 
2 (10) + 3 (10) = 5 (10) 
20+ 30 =SO 
ax — bx =(a — b)x 
Same as above, but b is now negative. 
In the following examples, 
subtraction will not be shown 
explicitly; it follows the same rules 
as addition. 
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TABLE 10. 1 (continued) 


Rule or Pattern Examples 
a(x + y) = ax + ay T(x + y) = 7x + Ty 
and conversely or 


5 (10 + 2) = 5 (10) + 5 (2) 
5 (12) = 50 + 10 
60 = 60 
ax + ay =a(x + y) 9x + 9y = 9 (x + y) 
This is called factoring, since it 
involves removing the factor a 
from all terms. 


—-—__eeoo—————————————————— eee 


(a + bXx + y)=a(x + y) +b (x + y) (44+ 3X2 + 7)=4(24+7) 

















+3 (2+ 7) 
A special case is 7 (9) = 4 (9) + 3 (9) 
(a + b)? = (a + bXa + b) 63 = 36 + 27 
= a? + Jab + b? 63 = 63 
Bp a ee a ee > 
ax 2a 3 (4) 
— = ! a —— = 
x (canceling) ; a ; = 
4=4 
Ce 
ane 68 G6 8 
4 @ 4 2 “3 
et nara 
z= 
ies 
Only the numerator, never the denominator, may be so divided. 
a re. 1 eek Ge 
x+y. ey 248 .2 8 
Sinan 
10 8 
Je fy = fy /4 /9 = /36 
Jxt Jy#Jxty J4+J/9# JB 
2+3#436 
xe og? ce yet 107 - 103 = 10° 
100 - 1000 = 100,000 
x : 23 
tak Oe ry Ta a Ma 
— 
We 
eee 
ay = yah (10°)? _ 10° 


(1000)? = 1,000,000 
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10.2. ADDITION AND SUBTRACTION OF FRACTIONS 


One of the rules in Table 10.1 indicated that a fraction with two terms in 
the numerator can be separated into two fractions (see p. 41), but a 
fraction with two terms in the denominator cannot be separated. Fur- 
thermore, Section 2.5 did not discuss ways to add and subtract fractions. 

If you must add or subtract fractions, you can do so only if the frac- 
tions have the same denominator, called a common denominator. What 
can be done if fractions do not have the same denominator and still must 
be added or subtracted? The dilemma can be resolved by converting the 
original fractions to others with the same value but having a common 
denominator. To keep the numbers as small and as simple as possible, it 
is usually advantageous to use the smallest common denominator avail- 
able. (This is why you were taught in elementary school how to find the 
least common denominator for fractions.) 


10.2.A. Adding and Subtracting Fractions with a 
Common Denominator 


To add or subtract fractions once they have a common denominator, 
add or subtract the numerators, with no change in the denominator. If 
this sounds illogical to you, imagine some apples cut in half. Take one 
half-apple. Then take two more half-apples. You now have three half- 
apples, that is, three pieces each of which ts a half, 1/2 + 2/2 = 3/2. The 
size of the pieces, shown by the denominator, is not changed in the addi- 
tion and subtraction. The process of converting to a common denomina- 
tor essentially means getting all the pieces the same size before you 
begin. 


10.2.B. Converting to a Common Denominator 


The procedure for converting a fraction to another one with the same 
value is to multiply both the numerator and the denominator by the 
same quantity. This is, of course, equivalent to multiplying by 1, which 
does not change the value. Such multiplication necessarily changes not 
only the denominator, but also the numerator. 


EXAMPLE 1 


Convert the fractions 1/2 and 1/6 to fractions with a common denomina- 
tor. 

An inspection of both denominators shows that one, the 2, can be 
converted to the other, 6, by multiplying by 3. If the denominator is 
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multiplied by 3, the numerator must also be multiplied by 3 to avoid 
changing the value of the fraction. 


This fraction has the same denominator as 1/6. | 
EXAMPLE 2 


Convert the fractions x/y and 1/xy to fractions with a common denomi- 
nator. Here both fractions have the factor y in the denominator, but only 
one has the factor x. Therefore, to make the denominators the same, the 
other must also have the factor x. Since the numerator and denominator 
must be multiplied by the same thing, the fraction x/y must be multiplied 
by x/x. Then 


with the same denominator as 1/xy. = 
EXAMPLE 3 


Convert the fractions 1/3 and 1/4 to fractions with a common denomina- 
tor. 

Here there is no factor common to both denominators. Therefore, 
both fractions will have to be converted to new ones with a denominator 
in common. The smallest number containing the factors 3 and 4 (the 
denominators already present in the two fractions) is 12. Hence 12 must 
be the new denominator. To convert 3 to 12, it is necessary to multiply 
by 4. To convert 4 to 12, it is necessary to multiply by 3. For each 
fraction the numerator must be multiplied by the same quantity as the 
denominator. 


EXAMPLE 4 


Convert fractions !/x and 1/y to fractions with a common denominator. 
Here again, there is no common factor in the denominators, and the 
lowest quantity containing both the factors x and y is xy. Hence the 
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fraction 1/x must be multiplied by y/y and 1/y must be multiplied by x/x. 


Note that this is just like Example 3 except that letters are used instead 
of numbers. a 


@ EXAMPLE 5 
Convert 10 and x/y to fractions with a common denominator. 
Only the denominator of the fraction needs to be considered in 
finding the common denominator, since a whole number can be con- 


sidered as a fraction with a denominator of 1. 
Multiply the whole number 10 by y/y, which has the same denomina- 


tor as x/y. 
10 
(2) See # 
y y 


M@ EXAMPLE 6 


Add or subtract as indicated. 


Note that the first pair of fractions already has a common denomina- 
tor. The other numbers are exactly the ones used in Examples |, 2, 3, 4, 
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and 5, so we have already found the common denominators; the answers 
from the previous examples will be used here. 














eee Gee: 
(a) ~+—=-=1. It is useful to simplify the answer. 
4 4 4 
1 ae | oe: 
isi Sad aoe ae 
Vom ee Le | 
Ch o- 4+ — = — 4 = 
yxy pony Oxy xy 
lL sh. A 3 7 
Sep SeE Aedes (0 Pagld 
| y x y-x 
OT eit aeons 
XY XY KY xy 
xX xX + X 
Qt = =4-=2 a 
yo poy y 
PROBLEMS 
10.1 Convert to fractions with a common denominator. 
3 4 a 
ae 3 * b = Zz 
(a) 5 and 10 (b) ; and 5 
l 2 
() = and - *(d) 5 and < 
Xx y 3 
(e) es and : () A d 
A B sing 
10.2 Add or subtract as indicated (see Problem 10.1). 
1 3 4 4 a8 
-+— *(b) -4+- alias 
yet. Oe es 
2 1 1 1 
d) 5-= ——— = 
(d) 3 (e) ah () A+ B 
ee en are en et i SR ee ee eT Se om 


10.3. INTRODUCTION TO TRIGONOMETRY 


Trigonometry is a branch of mathematics that studies triangles. This 
may sound as if it is of limited use, but in fact the principles of trigonom- 
etry are used extensively. The numerical values of some trigonometric 


10.3. INTRODUCTION TO TRIGONOMETRY 223 


functions appear in many kinds of equations. You can use trigonometry 
to determine a distance indirectly, by measuring a distance that is at an 
angle to the distance you must calculate. 

This section will not provide any comprehensive coverage of trigo- 
nometry. It will introduce two important functions and show how these 
can be used for calculating distances. 

In a triangle with a right angle (Figure 10.1), the side opposite the 
right angle, c, is called the hypotenuse. For the other angles, such as 0 
(theta), the sine is defined as the ratio of the length of the side opposite 
that angle to the length of the hypotenuse. 


__ side opposite 


a 
S10 = 
c hypotenuse 


b 
FIGURE TON" 


The cosine is defined as the ratio of the length of the adjacent side to 
that of the hypotenuse. 


b side adj t 
cos @ = 2 = Side adiacen 
c 


hypotenuse 


These ratios depend only on the size of the angles, not on the actual 
length of the sides. That is, for a given angle 0, if the length of the hypot- 
enuse is doubled, the lengths of the other two sides also double, so the 
ratio is the same. Tables giving the numerical values of these ratios are 
available in handbooks. They are also included on some calculators. 

The reason these trigonometric ratios are useful is that it is often 
necessary to measure a distance indirectly. If you can draw a right tri- 
angle in which one of the sides is the needed length and another is a 
length you can measure, and if you can also measure one of the angles, 
you can calculate the needed length by using the appropriate trigono- 
metric function. 
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EXAMPLE 7 


Find the length d in Figure 10.2 if the length a is 2.00 cm and the angle 0 
s 43°. ; 


d 
PraGWiRiE 70, 2 


Since d is the side opposite the angle @ and a is the hypotenuse of the 
right triangle, the function relating them is the sine. 


| ae 
== sin 0 
a 

700 cm ps = sin 43 


From a table of trigonometric functions, sin 43.0° = 0.682. 


d = 2.00 cm (sin 43°) = 2.00 cm (0.682) 
= 1.36 cm 


The smaller an angle 0, the smaller the side opposite and the longer 
the side adjacent in proportion to the hypotenuse. (Draw a few right 
triangles and see.) Therefore, for small angles the sine is smaller (near 0) 
and the cosine is large (near 1). No side can be larger than the hypote- 
nuse, so the ratio cannot be more than 1. For angles approaching 90°, 
the sine is large and the cosine small. Therefore, if you have the equation 


r=dsin 0 


r is small if 6 is small, but r is nearly equal to d if 6 is near 90°, where 
sin @ is near 1, eS 
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SOLUTIONS 
TO STARRED PROBLEMS 





10.1(b) 


(b) 


10.2(b) 


There are no common factors in the denominators of 4/x and 
a/2, so both fractions have to be converted to new ones to 
achieve a common denominator of 2x. 


The whole number 5 has, in effect, a denominator of 1. To 
convert it to a denominator of 3, multiply by 3/3. 


The fractions were converted to a common denominator in 
Problem 10.1(b). Using those fractions, add the numerators. 
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CHAPTER 1 

il See Table 1.2. 

1.2 (a) 25cm (b) 250 mm (c) 0.372 g 
(d) 293 mL (e) 0.029 kg (f) 2000 g 
(g) 2.932 km 

1.3: (a), 525 1 (b) 525 cm? 
(c) 1320 mL (d) 1320 cm? 

14 (a) 24g (b) 6g 


(c) No. 15 g is close to ! mole. 
(d) Answer: (3) 


is {aj 2 (b) 5 (c) 1 
(d) 3 (e) 4 
16 (a) 152 ¢ (b) 0.150 g (co) 12 mi 
1.7 (a) 4400 or 4.4 x 10° (b) 3500 or 3.5 x 10? 
(c) 2.00 (d) 300 or 3 x 102 
CHAPTER 2 
2.1 (a) +7 (b) —1 (c) 0 
(4) -26  (e) +4x i) <x 
22 (a) 5 (b) 11 ies 
(d) 11 (e) Ii (f) it 
(g) 5x (h) 3a 
2.3 (a) +16 (b) —16 (c) —20 
(d) +1 (e) =2 (f) —60 
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(g) -2x —(h) +20x, i) 2 or -15 


(ers (k) —3x (I) x 
(a) —1 (b) —2 (c) +2 
(d) 0 (ce) —1 () +1 
(fje= 3 (h) +3 


(a) One Ca?* with two Cl-; CaCl, 
(b) Two Na* with one S?~ ; Na,S 

(c) One Al?* with three I~; All, 

(d) One Mg?* with one O?~ ; MgO 
(a) Two Cr?* with three O?~ ; Cr,O, 
(b) Two As°* with three S?~; As,S, 
(c) Three Mg** with two N3~; Mg,N, 
(d) Two P** with five 07; P,O, 

(ce) Three O?~ with two Al>*; Al,O, 
(a) +300 J (b) —243 J 

(a) —2 (b) —79 (c) +20 
(d) —3x se) - 14 

() —-(*%+y)=—x-y 

(a) —(* = 2)= —x 42 

(h) —(% = 7y)= —x-+ Ty 

(i) —x? 


1 1 I 
(a) a (b) 4 (c) 5 
] 
ae = 100 =2 
0 dort A 


(d) x (e) x? (f) 


(a) Multiply by 2 and divide by 3. 
(b) Multiply by a and divide by b. 
(c) Divide by 10. 

(d) Multiply by 10 and divide by 2. 
(e) Divide by x. 

(f) Multiply by x and divide by 5. 
x 


= we 
(a) == (b) 


ak 2 
= ig) ~ 


2 (a + b) 2a + 2b 
—— or ——— 
y 


(e) 
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2.13 


2.14 


2.15 


2.16 


2.17 


2.18 


1 





I 


(0 2 (a + b) : 2a + 2b 
! 
(g) ! (Hs 
x 
(i) 7.22 (j) 25 cm? 
te Ce see 
od 0-10 6 5 
| 
@~ @-==- 5 
ay xy y y 
2x 
a 
(h) b (x + y) 
; ] 
Naa) 
(a) 4 (b) 20 (c) 4 (d) 
15 
(e) a () g (g) mole 
(a) 1 (b) 5 
1 x 
(c) 5 (d) 2 
(e) x (a + b) 
Ea: g 
(f) ia (g) L 
[Ag* ][HNO,] 
("3 
[A-] 
[HAJ[OH J 
1 
(a) 5 (b) 5 (c) 4 
36 ; : 
(d) — (e) Cannot be simplified. 
b b 
0 - @- (hy — 
GC c Cc 
xy 1 


(i) 





(j) x+y Ls Congrans 


(1) Cannot be simplified. 


(m) a+b 


ac 
b 
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ZA (a) 2 (b) 3 ft (cle? cme 
(d) 1.0 m? (e) 15 cm 
9 
20 (ele 4 ee (ene re 
x ex x See. 3 
a ee a le 
(c) === ==—!1 (0) = =e = 
aa 3 we Le 
mr? or*h re: 4 h 
(°) re Pca or 
2.21 (a) Less than |! (b) 1 
(c) More than | (d) 1 
(e) More than | (f) More than | 
(g) Less than 1 (h) 1 
(i) Less than | (j) More than 1 
(k) 1 aya 
20 child 
zeal (fa) fee = 2.5 children per family 
8 families 
400 students 
(b) —————— = 18.1 students to every faculty member 
22 faculty 
pee creer irl 
Cc = oys 
40 girls ys to every gir 
20 nail 
(d) essai 4 nails for every shelf 
5 shelves 
20 H 
ras (a) =2H to | O(H,O) 





100 


(b) 20C 60H: 1100's 2C 16H: 1 O(C,H,0) 
(c) 50 Na: 20 Cr: 350 O = 2 Na:2 Cr: 7 O (Na,Cr,O,) 


16 Fe 2Fe 
eo reo 
240 30 e203) 


2.24 (a) cost = $1.25 (number of cans) 
(b) heat = 4.18 J (degrees) 
(c) heat = 44.7 KJ (grams burned) 
2.25 60% 
2.26 (a) 77.7% (b) 63.6% 
(c) 70.0% (d) 37.0% 


(d) 





— 


Za? 35.7% 

2.28 (a) 46.0 g (b) 920g (c) 690g 
(d) 9.20 g (e) 0.272 g 

2.29 (a) 5.89 g (b) 105 g (c) 0.126 g 

2.30 4.1% 

2.31 1.6% 


2.32 The percent average deviation was 0.25%, well below 1%. 
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CHAPTER 3 

31 hay ke 104 ibj 2 oetde* 
(c) 3.45 x 105 (d) 3.45 x 1074 
(e) 5 x 10° () 7.5 x 107° 
(g) 2.7 x 10! (h) 9.32 x 10? 
(1) 2978 x 10" 

3.2 (a) 0.00003 (b) 0.0072 (c) 0.0000005 
(d) 9,100,000 (e) 8.2 (f) 298 
(g) 0.0298 (h) 37.9 

3.3 (a) 104 (b) 1 (c) 1032 
(d) 107? (e) 10? (pelGs 
(g) 107! (h) 10!2? (i) x8 
(ij) «er 

3.4 (a) 107! (b) 10! ie) 10? 
(d) 10’ (e)) 10°? () 10° 
(g) 10725 (h) 10'2° (i) ef-T 
(j) mon 

35 (a) 8 x10" (b) 8 x 107? 


3.6 


cM 


3.8 
3.9 
3.10 


3.11 


3.12 


(ce) 32.107? = 32 56 10" 

(d) 125se 10? a2 x 107 

(6) 74.410" * = 7A x 1077 

() 9.0 x 1023 

(g) 45 x 10°? = 4,5 x 107? 
(h) 24 x 1075 = 2.4 x 1074 

(i) BR 10528 38 & 10-7 
(a) 2 x 10° 

(b) 0.5 x 10° = 5 x 108 

(c) 0.75 x 107!2 = 7.5 x 107 "3 


(d) 2 x 109 

(e) 3.0 x 10!” () 3x 10° 
(g) 3.21 x 10"* (h) 4.0 x 10°° 
Ge 2 Ae Gr Soc 107 ** 


(a) 7.5 x 1075 (b) 4 x 10° 
(c) 0.5 x 10° = 5 x 10° 


(d) 7 x 10° 

(e) 4x 1073 

(f) 2.45 x 10? 

(a) 3.34 x 10? (b) 3.2 x 10? (c) 1.8 x 10'¢ 
(d) 2.7 x 10° (e) 2.1 x 107"! () 1. 


(a) 7.42 x 10°? mole (b) 3.0 x 1073 mole 
(a). 1.59 x 407 *° (b) 1.6 x 107 '° [compare with (a)] 


(ce) Li2oe 107%? (d) 3.6 x 1074 

(e) 3.5 x 1074 () 6x 1078 

(a) 10! (b) 107 !? (ec) 107? 

(d) ae lo () e* 

(g) x (h) x” 

(a) 9 x 10'8 (b) 9 x 107 '8 (c) 3.43 x 108 


id 320°" {ey 8:1 x 10'° 
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3.13 (a) x = 4.0 x 10'°, y = 2.0 x 108 
(b) x = 210 * 10°) = 25 « 10° ' 
(co) = 4.0 1071 ya 20K (07 *7 
(die = 5.0510" '* y= LI 107* 
314 (ay 4x 10-* (b) 1.4 x 10> ° (same as (a)] 
(ch 34 10-7! (d)) 17 e102 =? 
Gy 10-8 
3.15 (a) +10° (b) 107? (c) 10° 
(d) +3.2 x 104 (e) 2.15 x 10* 
() 7.96 (g) +2.0 x 107! 
(h) +4.0 x 107! (i) +2.7 x 107? 
(j) 3.0 x 1074 
3.16 (a) 5.40 x 10° (b) 6.83 x 10° (ey 1. 88x 10" 
(d) 1.099 x 10? (e) “7.05 x 10~" (f) 4.95 x 104 
(g) 14 x 1072 
CHAPTER 4 


4.1 (a) No. The reported temperature is higher than the boiling point of 


4.2 


4.3 


4.4 


(a) 
(c) 


(a) 


(b) 


water, so water could not be heated that hot. Also, the reported tem- 
perature is higher than the temperature of the hot water, but the tem- 
perature of the mixture must be between the temperature of the hot 
and the cold water. 

No. The temperature of the mixture must be between the temperature 
of the hot and, the cold water, not colder than both of them. 

No. The weight of the compound can be no more than the sum of the 
weights of the components. | 

Yes. Some of the iron or the sulfur might not have reacted, so the 
weight of the compound can be smaller than the sum of the weights of 
iron and sulfur. 

The answer is possible, as in part (b), but is unlikely from the descrip- 
tion of the experiment. The compound of magnesium and oxygen 
would be expected to weigh more than the magnesium used to form it. 
Yes. The units for the answer will be g, an appropriate unit of mass. 
No. The units for the ‘answer will be g?/cm?, not a unit of volume. 

No. 20.7 02 is a little over | lb, not 331 Ib. 

No. There are 25.00 g of water in 25.00 mL of water. It is not likely 
that 765 g of acetic acid would fit into only 25.00 mL. 

4x ~$10 = $40 (b) 8 x ~$1 $8 

If you round down to $2, the total would be about $10. If you round 
up to $3, the total would be about $15. Therefore, the total is between 
$10 and $15. Alternatively, think of the problem as five items at $2 and 
five at $0.50. Total $13. 

4 @ 50 mL = 200 mL (Use the larger volume.) 3 @ 40 mL = 120 mL. 
A minimum of 320 mL is needed. You should mix 350-400 mL to 
have enough for an extra sample if needed. 

About 6 g. 


ANSWERS TO PROBLEMS 233 


4.6 (a) No. Since 273 is less than 298, multiplication by 273/298 should give a 

result smaller than the original number. 

(b) Yes. The fraction is greater than 1, so the answer should be greater 
than the original number. 

(c) No. See part (b). 

(d) No. The answer looks much too big. An approximate mental calcu- 
lation shows that the answer should be somewhat over 10. (The answer 
shown is the result of multiplying by 500 instead of dividing.) 

(e) No, the decimal point is in the wrong place. See part (d). 

4.7 (a) Answer (2) (b) Answer (2) 

4.8 (The results of actual calculations are given. You cannot expect to get the 
identical answer from an approximate calculation, but your answers 
should be within 10% of the ones shown.) 

(a) 330 (b) 508 (c) 22.9 (d) 630 (e) 1.03 

49 (a) 700-8 (b) 300 + 9 
(c) $3 — 0.05 
(d) $11 — 0.02 or $10 + $1 — 0.02 
(e) 90 — 1 or 100 — 11 
() 80—30r70+7 
(g) 20+ 3 
(h) 40 + 6 0r 50-4 
(i) 20-2 
(Gj) $2—0.11 

4.10 (a) 267 (b) $9.45 (c) $13.86 

(d) $31.60 (e) 2160 (f) 2640 

4.11 (a) 1800 (b) 8.8 (c) 700 
(d) 4.8 (e) 30 (f) 2300 
CHAPTER 5 

5.1 (a) 0.029 kg (b) 0.208 L (c) 153 g 
(d) 150 cm (e) 9080 g ) 32 gt 
(g) 2.8 L (h) 1.6 cm 

5.2 (a) 153,000 mg or 1.53 x 10° mg (b) 9.08 kg 
(c) 183 cm (d) 0.33 g 

5.3 (a) 236 mL (b) 15 mL (c) 5.0 mL 
(d) 30 mL 

5.4 (a) 91.4m (b) 402 m (c) 1.61 x 10° m 

5.5 (a) 109 yd (b) 1.09 x 10° yd (c) 5.47 x 10° yd 

5.6 (a) 3.73 mi (b) 6.21 mi 

5.7 (a) 0.30 mi (b) 490 m 

5.8 (a) 68.3 mi/hr (b) 89 km/hr (c) 51 ft/sec 

5.9 (a) 1.86 x 10° mi/sec (b) 6.70 x 10° mi/hr 
(c) 1.29 sec 

5.10 (a) 40g (b) 2.0 ml (c) 30 ml 
5.11 (a) 1025 2 (b) 967 g (c) 976 ml (d) 1000 ml 
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5.12 (a) 2.0 moles (b) 1.0 mole (c) 0.65 mole 
(d) 2.5 x 10~* mole (e) 7.0 x 10° > mole 
(f) 1.33 moles (g) 17.9 moles 
5.13 (a) 0.1 mole or 107! mole (b) 2.0 moles (c) 0.5 mole 
5.14 (a) 96g (b) 560 g (c) 0.044 g 
(d) 22 g (e) 160g (f) 0.48 g 
5.15 (a) 6 moles (b) 18 moles (c) 0.5 mole 
(d) 0.1 mole (e) 1.2 moles (f) 10°* mole 
5.16: (a) O17 LE, 170 mL (b) 2 L, 2000 mL 
(co) 10-4 f0mL (d) 0.33 L, 330 mL 
(e)"O33°L, 330 mL (O11 CTO mE 
(2) <x 10 L010 mt, or tts 10° “Bt 
5:17 (a) 3.0ig (b) 1.0 g (c) 0.20 g 
(d) 150g (ec) 500g () 29x 10° ¢ 
5.18 (a) 26 moles of alcohol, 26 moles of CO, 
(b) 0.84 mole, 39 g (c) 0.84 mole, 37 g 
(d) 580 L, 19 L 
5.19 (a) 0.50 mole of K,Cr,0,, 2.0 moles of H,SO, 


(b) 872 (c) 17g 
(d) 0.40 mole; 22 mL (e) 49 g 
CHAPTER 6 
6.1 
y A 
10 
8 8 
6 6 
4 4 
2 2 
0 1 a eae” : 0 1 225 ew 5 ? 
(a) (b) 
Mf 
8 
6 
4 
2 


0 2 4 6 8 10 12 14 16 
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Sec 
(d) 

6.2 

800 
£ 700 
Oo 
ea 
2 600 

500 

400 

200 300 400 500 
VmL 
(a) Graphof P versus V 

2.0 
cS) 
cae B : - . 
Qa 

1.8 

400 500 600 700 800 
P (Torr) 
(c) Graph of PV versus P 

Comments: 
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800 


700 


P (Torr) 


600 
500 


400 
2.0 3.0 4.0 


1/V x 10° 
(b) Graph of P versus 1/V 


(a) V increases as P decreases, but not in a straight line. 
(b) 1/V decreases in a straight line as P decreases. P oc 1/V. 
(c) The product PV is constant; it does not change as P changes. 
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6.3 (a) As x increases, y increases. 
(b) As x increases, y decreases. 


(c) As x increases, y increases up to a point, then levels out and does not 


change. 
(d) 


Then, at a later time, y starts to increase again. 


(c) 

rapidly. 
(f) 
(g) 


finally very slowly. 
(h) There is no consistent pattern. 


(1) At short distances, a small increase in distance results in a large decrease 
in energy. At a given distance, the drop in energy stops, and at longer 
distances the energy is higher. This levels out, and at some distance the 
energy stops changing and is the same at all longer distances. 

Equation: y = 2x. 


6.4 


{a) Slope = 2. 
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As the time increases, y increases for a while, then levels out for a while. 
As x increases, y increases, slowly at first, then at larger values of x very 


As x increases, y increases very rapidly at first, then more slowly. 
As x increases, y decreases, very rapidly at first, then more slowly, and 


(b) Slope = —1. Equation: y= —x + 100rx + y = 10. 
(c) Nota straight line. 

















(d) Slope = 5S. 
(ec) Slope = 2. 
CHAPTER 7 
7.1 (a) 4 (b) |! 
(d) 16 (e) 3 
(g) 7 (h) 3 
Te tH) ce 5 or 
3 
(c) 2—2y 
(e) b— yz 
a 
bz + 
i — 
a 
.. day 
(1) 4 
wo (ay 27 = 3x 
(d) 0.5 — x 
2 
( ss 3 
(h) 2 
ax 


Equation: v = 51. 
Equation: d = 2t. 


0 (ey ae ay 














iy () 13 
(i) 1.6 
! 
Orn y (b) 15 + 2y Or 
5 
(d) 0.5 — yz 
at, 
(9 = 
bz 
th) — 
ay 
5x — 15 6 — 3x 
(b) 5 (c) ; 
b — ax 
(e) 
z 
(g) ax — bz 
2x2 
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7.4 


We 


7.6 


oR 


7.8 


7.9 


7.10 


(a) (OH 1027 (by [Hj 10m! 
(c) [Mg?*] = 3.3 x 1077 





(a) 13 (b) 16 (c) 4 
(dy O42) te) ; (Os 
a 
! b 
(eae (hy = (i).:108 
(ji) —40 (k) 25 (l) 77 
(m) —40 
90 — 2y 2 
(a) _- 30-5 (b) —4 
(c) : or 0.5 (d) -y 
y yT 
(e) ~F F oo 
az bez = Jaz 
(i ez = r ' 


(g) 0.32 —0.59 n (h) 1.8 — 0.22 f 


; I y 

(1) pes () ea 

fa) OS: (b) 6.4 x 107? mol (c) 1.0 mol 
(d) 89g (e) 25 cm? (f) 1.5 atm 
(g) 10 L 


(a) a = 3.3 (b) c = 98 () d=5=04 


(dj (H*]=3.5% 107%. If [F"] =(HF], they cancel and) [H*] is 
3.5 « 107%. 

(e) [HF] = 1.0 () [HF] = 2.6 x 107? 

(ei fH? = 5% 10-° 

For (a) through (e), let x equal one number and y equal the other. 

(a) x + y= 23 (b) x —yp=6 (c) xy = 70 

(d) x = 3y (e) x=y+5 

(a) Let s, b, and j equal the money contributed by Smith, Brown, and 
Jones, respectively, and ¢ equal the total. Then t = s + b + j. 

(b) Let ¢ and h equal the ft of fence painted by Tom and Huck, respec- 
tively, and let f equal the total ft of fence painted. Then f= rt + h. 

) Let m = Ib of meat. Let g = number of guests. Then m = 0.5g. 

(d) Let b = bottles of wine. Let gy = number of guests. Then b = 1/3g or 
3b = g. 

(e) Let r = number of rose bushes. Let 6 = number of flower beds. Then 
P=3D) 

(f) Let m = mass of iron. Let r = mass of ore. Then m = 1/20r. 
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7A 


TAZ 


7.13 


7.14 


TAS 


7.16 


(g) 
(h) 
(i) 


() 


(a) 
(b) 
(a) 
(b) 
(a) 


(b) 


(c) 
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Let h = moles of hydrogen. Let z = moles of zinc. Then h = z, 

Let h = moles of hydrogen. Let x = moles of oxygen. Then h = 2x. 

Let c = number of chloride ions. Let z = number of zinc chloride units. 
hen = 22: 
Let p = number of phosphoric acid molecules left. Then p = x — y. 

P decreases. (b) V increases. 

P decreases. (d) J decreases. 

M decreases. (f) Mol increase. 

E increases. (b) P increases. 

Both increase: E by a factor of 2, P by a factor of 4. (2/)? = 4/7. 

x decreases. They are not proportional. 

x decreases. 

Cannot be predicted from the equation. 

Negative. 

Decreasing the radius r will cause a proportional increase in the fre- 
quency v. 

Increasing the length / will cause a proportional decrease in the fre- 
quency v. 

Increasing the tension T will cause an increase in the frequency v pro- 
portional to the square root of the increase in T. 

D is directly proportional to C,, and inversely proportional to Bas 

I is directly proportional to E and inversely proportional to R. 

H is proportional to the entire quantity (E + PV) but is not pro- 
portional to any one term. 

W is directly proportional both to P and to 1. 

a is directly proportional to the term (V,— Vo) and inversely pro- 
portional to t. However, a is not proportional to either V, or Vo alone, 
unless the other one is 0. 

In any equation, 7 is a constant and not a variable. T is directly pro- 
portional to the square root of | and inversely proportional to the 
square root of g. 

Q is directly proportional to N and to m and directly proportional to 
the square of v. 

MR is directly proportional to M and to the term (n? — 1). MR is 
inversely proportional to d and to the term (n? + 2). 


CHAPTER 8 


8.1 
8.2 


8.3 


8.4 


8.5 


(a) 
(a) 
(e) 
(a) 
(e) 


2 (b) 9 (c) 130 (d)i<3 
9.4771 (b) 3.9542 (c) 3.7574 (d) 200.6684 
2.6684 (f) 3.7574 (g) 2.0969 (h) 0.3838 
= $5920 (b) —1.1720 (c) —4.5513 (d) —2.0353 
— 12.2604 () —2.4935 (g) —0.8153 


(aXb) No. Ifa number is between | and 10, its log is between 0 and 1. 


(c) 
(d) 
(a) 


No. The log of a number less than 1 is negative. 
Yes. This could be correct. 
1.16 (b) 0.89 
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8.6 (a) 


200 


0 
0 10 20 30 40 50 
Min 
(a) 


25 12.6 g 
1.10 


(b) mass 200 100 50 
log g 2.30 2.00 1.70 1.40 
0 
M 


(c) 


logg 


2 
1 
0 
0 10 2 30 40 50 
in 
(b) 


(d) slope = —3.0 x 10°? 
8.7 
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6000 


5000 


4000 


~ 3000 


2000 


log € 


0 nm nm 
230 250 270 290 310 320 30 250 270 290 310 320 


€ versus wavelength log € versus wavelength 


5 
4 
3 
1000 2 
1 
0 
Z 


Plotting ¢ makes it hard to see the second peak, since the vertical axis 
must be compressed to accommodate the maximum value. Plotting log « 
makes the peaks appear nearer the same size; this is easier to plot, but not 
the true relationship. 


8.8 (a) 10'° (b) 10? (ey? 10>" 
(d) 10-8 (e) 6.36 x 10° () 2.44 
(g) 6.62 x 10? (h) 4.717 x 10° 
(1) 9.008 
89 (a) 507 x 10°” (b) 1.09: x 107" 
(el S550 107" (d) 5:61 x 107? 
(e) 2.16 x 107" 
8.10 (a) 3 (b) 0 (c) 8 (d) 4.70 
(e) 2:15 () 0.52 (g) 2.70 
B11 (a) 10-5 (b) 107!) (c) 1 
(d) 6.3 x 10°4 (e) 3:6:% 107 
() 4x 107? (g) 3.2 x 107! 
8.12 (a) No (b) No (c) 3.38 
(d) No (e) 1.18 x 107? 
813 (a) 27 * 10° (b) 2.4 x 10' = 24 
(c) 4 x 10° (d) 3.2 x 10! = 32 
(fe) 2.7 « 10- (ft) 12%. 1074 
8.14 (a) 1.7 x 10' = 17 (b) 1.7 
(¢) + 3:1 (d) +1.1 x 10'= +11 
(e) +1.3 x 10? () +5 
(g) 226 
CHAPTER 9 
P 
91 (a) F =hdgA (b) d=— 
hg 


a n,T,V, M,V,T,w, 
P, 0:T:¥, M,VTows 


S 
bod 

= 
| 
D 
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T P Vite P,V,M.w, 
1 2 2 
9.3 (a) h=50(®) oes 
2° \g 2g 


It is the same. 
1 3 
94 (a) KE= 5 Nmv? (b) KE = 5 RT 


gg (CLMAg(NHS)] Ky 
[NH]? K, 
[Ni74) 2 ta to 74 





oC ase 
9.7 (a) x=5,y=4 (b) x = 11, y= 6.0 
(c) x = 55, y= 60 (d) x= 9, y=3 
1 1 
a alae Sea (f) x=4,y=5 
98 (a) c= 10 (b) e =3 x 1078 


(c) [Ni2*] = 1.2 x 1073 
(d) (Ni2*] = 1.2 x 107! 
(e) [Cd2*] = 1.2 


9.9 (a) +60 (b) +107! (c) [H*] = 107! 
(d) [OH~} = 10-4 (e) [I-] = 107? 
a). 2 (g) +1.20 
(h) [Ag*] = 10° '* 

9.10 (a) 2,3 (b) 9, —1 ic) —44, + 3:4 


(d) =5, +9 (e) 0.2, 1.5 i} 045.-~36 

9.11 (a) 2.0 x 107* (b) 1.4 x 1077 

9.12 1.9 x 1073 

9.13 There are straight lines for parts (a) and (b), parabolas for (c) and (d), and a 
circle centered on the origin for (e). Remember that the same value of x? 
arises from both +x and —x. 


CHAPTER 10 
2 3 8 ax 
10.1 (a) To and To (b) >. and oe 
(c) ao and es (d) — and é 
xy xy 3 3 
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| (e) ee and he (f z d 
AB AB Bio 
i 8 + ax 
10.2 (a) — b 
(a) 10 (b) - 
ay — bx 13 
(c) ; (d) == 
xy a} 
B—A AB + | 











Abscissa, 123 
Antilog, 178 

of negative logarithms, 179 
Approximate calculations, 84 


Canceling, 38 

Calculators, 1, 74 

Cartesian coordinates, 123 
Characteristic, of logarithm, 172 
Concentration, 110 

Conversion factors, St, 98¢ 
cosine (cos), 223 


Density, 104 
Dimensional analysis, 97 
Direct proportionality, 46 


Energy, 194 

Equations, 25, 141, 187 
chemical, 112 
derivation of, 187 
graphing of, 207 
linear, 143 
quadratic, 204 
reading of, 155 


INDEX 
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simultaneous, 196 
writing of, 152 


Error, 50 
Evaluating answers, 83 
Exponential notation, 59 ff. 


addition and subtraction, 72 
multiplication and division, 59, 64 
negative exponents, 60 

raising to a power, 59, 69 

roots, 60, 71 


Fractions 


addition and subtraction, 219 
common denominator, 219 

in equations, 147 
multiplication and division, 34 
values, 41 


Graphs, 123 


coordinates, 123 
experimental data, 125 
slope, 137 


Independent variabie, I11 
Inverse, 32 
Inverse proportionality, 47 


244 


log; see logarithms 
Logarithms, 169, 173¢ 
calculation with, 183 


Mantissa (logarithm), 179 

Metric units, 4, St 
conversion factors, 98t 

Molarity, 16 

Mole, 106 


Negative numbers, 27 ff. 
addition of, 28 
multiplication and division, 29 
subtraction, 29 


Ordered pair, 125 
Ordinate, 123 
Origin, 123 


Parentheses, 23 
Percent, 48, 110 
Percent error, 50 
Pictures, 8 


pH, 180 
Powers, raising to 
exponential notation, 59, 69 
logarithms, 183 
Proportionality 
direct, 46, 156 
inverse, 47, 157 


Ratios, 43 

Reciprocal, 32 

Roots, 24 
in exponential notation, 71 
by logarithms, 183 

Rules of Mathematics, 22-3 
table, 217-8 


Significant figures, 13 
sine (sin), 223 
Slope, 137 


Variable, 142 
dependent, 155 
independent, 155 
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